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INTRODUCTION 

1.1 'tVithin recent years, much interest has been shown in the 
mathematical theory for finding the input impedance of various types 
of antenna configurations. There have been quite a number of different 
theories, or methods, advanced for finding both the self impedance of 
a wire antenna and the mutual impedance of two such antennas. 

Since wire or tubular antennas are usually operated near resoncuice 
such that the currents to a fair degree of approximation may be assumed 

1» 2» 3» 4» 6» 10» 11» 39»41 

to be distributed sinusoidally from the ends( ), 

provided the rasius a satisfies the inequalities 

ka<<i, a<<l, k * (l) 

si being the length of the antenna, one of the older methods for 
deriving formulas for antenna impedances postulated such a current 
distribution. However, as the radius becomes quite appreciable with 
respect to the wave length corresponding to the frequency of operation, 
the current distribution departs considerably from the sinusoidal. 

Thus, theories arose in which the a priori current distribution was 
not assumed to be known. 

One of the better known methods was proposed by S. A. Schelkunoff, 

who considered the solution of Maxwell's electromagnetic field equations 

1» 17»42»44»T1»78 

and matched the fields at the boundaries( ). In 

this mjinner, he arrived at a terminal admittance which could be 
evaluated by a series of fractional order Bessel functions. Since 
the series converged rather slowly, he approximated the input impedance 
of a hollow cylindrical antenna by finding an inverse terminal impedance 
by the classical method for a vanishingly thin bi-conical antenna 
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whose current could be lef!;itimately considered sinusoidal and then used 
non-uniform transmission line theory for findins^ the impedance( ). 

Schellcunoff ' 3 method has been slie;htl’/ modified by J. R. 'Ginnery 
and associates to include effects of the input conf if^uration upon the 
impedance( ). 

13» 76 

In io3o"3B. 3. Hallen published his now famous papers! ) in 

which he solved for the input impedeuice of a cylindrical antenna by 
assuming a continuity of the vector potential across the slice generator 
and a discontinuity of the scalar potential across the slice, resulting 
in an integral equation which he solved by successive approximations, 
expanding in terms of the parameter 

n = 2ln~ . (2) 

In 1945, J. A, Stratton and L. J. Chu considered the problem from 

72»73» 74 

the point of view of forced oscillations! ). Their solutions 

were arrived at by matching the fields at the boundaries. 

The interpretation of Hallen' s method by others led to the general 
opinion that certain modifications were necessary to bring the theoretical 

9» 16* 18* 59*41*44*48*46*76 

results into agreement with measured results! ). 

However, Hallen has shown recently that none of the published curves 

24* 28* 29. 

attributed to him were actually in accordance with his theory! ), 

and that his theory does chock with measurements. 

Hallen also shows that the current wave travels with a variable 

24 

phase velocity, speeding up as the end of the wire is approached! ). 

Thus, the attenuation is not exponential. In fact, he contends that it 
is not at all proper to consider an inductance and capacitance per 
unit length for an antenna. 

It is apparent that there is still some difference of opinion 
as to the better method of finding the self impedance of an antenna. 
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A siaglo anteioaa radi&tas energy in direotlons other then 
that desired in point to point ooniunioetion eerrioe. Thue means of 
increasing the directivity were sought. 

During loev-ss, S» Uda^ H. Yagi^ ), and K, Tani^ ^ investigated 
the possibility of using parasitio radiators for increasing the directivity 
and gain in a desired direction. Such a parasitio array has become 
knoTfn as a Yagi array, 

Many measurements have been published for the radiation resistance 

/ 6c» 66» ea\ 

and mutual impedance of beam antennas^ \ Also, much literature 

has appesred on the problem of determining the mutual impedanoes 

/ 1 * 4»e» 7* e» 8* ii» aa» ae» 37 * 47 ) 

theoretically' \ 

( 

One of the first methods investigated vas that of P. S, Carter' 

He used v^hat has become knoi^ as the induced e,m. f. method, assixming 
sinusoidally distributed ourrents. However, Carter considered only 
half-wave antennas, S, A, Sohelkunoff and A. Aharoni' / have extended 
Carter’s method to two antennas of equal length but not restrioted 
to half-wave antennas, 

/ 6* 7* e» 9* io» llv 

Charles W. Harrison, Jr,' ) has considered numerous 

array configurations by means of an integral equation method duo to 

( 11» S7» six 

Ronold W, P, King ' ) and himself. Thi§ method is essentially 

a modification of Hallen’s method in which the antennas are assumed 
to bo driven by slice generators, firstly in phase, and secondly in 
phase opposition. 

Although he states that his method is possible of extension to 
any number of ooplanar antennas of arbitrary lengths, in the case of 
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a Yagi array, Harrison actually carries through the solution only for 
two elements, Sinoe this method doss not aesumo an a griQEi current 
distribution, the computation of the mutual irapedanoe of a pair of 
elements in fixed position varies with the addition of new elements. 

In other words, as the munber of eleraents is increased, the entire 
solution of the system of integral equations must be carried out by 
the method of successive approximations. Thus one immediately discards 
the method if it is desired to compute the input impedance of a multi- 
element parasitic array. 

Furthermore, experimental measurements by W, E, Stoney( ) of the 
mutual impedanee of a pair of half-wave antennas at various spaoings 
checked with computations by Carter's method much more closely than 

( 6 * T8\ 

computations by Harrison's method' Also, measured values made 

/ce\ 

upon a three element beam were found by Stoney'' ' to check fairly well 
with values computed by Carter's circuit method. However, Stoney stated 
that he did not have available a formula for the mutual impedance of 
two parallel elements each normal to the line of centers and of unequal 
length as required for the solution of a tuned Yagi array, and hence 
he maintained all elements of the same length. 

After searching the literature for a method whereby an engineer 
could solve for the approximate input impedance of a Yagi array, it 
was decided to fall back upon the conventions] a priori sinusoidally 
distributed currents. This assumption is a good approximation to the 
actual current distribution as long as inequalities 1.1(5.) are satisfied 
and provided the lengths are in the neighborhood of a half-wave. This 
is partially verified by the agreement between measured and computed 
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results for a three element, horizontally oriented, Yagi array above 
an iraperfoot ground. 

Also, after carrying through the derivations herein, a British 
report' > edited by B. Starnooki and E, Fitch was located which listed 
a formula for the mutual impedance of two parallel elements of unequal 
length with each nonnal to the line of centers, and which gave a comparison 
of values computed by this formula with experimental results. Again the 
comparison was quite favorable. Although no derivation of the formula 
was given, it was stated that the formula was derived by J, H, Tait by 
Aharoni's method of extending Carter’s circuit theory for assumed 
sinusoidal currents' This formula is identical with one which appears 
heroin as a special case of the formula derived for the mutual impedance 
of two parallel-staggered antennas of unequal length, and which is 
applied in a numerical solution. 

1 , 4 It is now proposed to derive a formula for the mutual impedance 
of two straight cylindrical antennas of unequal length and of an arbitraiy 
orientation. The antennas will be assumed to be of half-lengths 1^^ 
and I 2 , to have radii a^^ and ag, and to satisfy the inequalities 

kai<<i, kag<<l, ai<<lj^, a2<<lg . (’■) 

The problem will be formulated as an extension of fxjindamental circuit 
theory, that is, starting with Ohm’s law for fields, the generalized 
field circuit will be developed for two meshes, and then, postulating 
sinusoidally distributed currents, double line integrals will be derived 
for the mutual impedances. 

The double lire integral expressions will be generalized to give 
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the mutual impedance of two wires carrying currents whoso phase relations 
are functions of position. It will be shown that the generalized mutual 
impedances eire symmetric in the subscripts. 

In carrying out the integrations for the standing wave case, 
the most general case that can be integrated by rigorous methods is that 
for two parallel- staggered antennas of unequal lengths* However, the 
more general formula is obtained by an approximation method analogous 
with curve fitting which is believed to yield quite good results. 

The rigorously integrated parallel-staggered case will yield both 

the psurrallel case and the collinear case, the former being the one 

desired for the Yagi array. The formula for the parallel case checks 

(es) 

with published results both for antennas of unequal length' ' and for 
antennas of equal length^ \ The collinear case vrill bo used in 
indicating a procedure for solving for the input impedance of a Yagi 
array operated on its harmonic frequencies. 

Also it will be shown how one ehould consider the effects of an 
imperfect ground upon the input impedance. As an illustration, the 
theory will be checked against the numerical solution of a three element 
Yagi array designed for operation on i4.ae megacycles per second, 
tsiking into consideration the finite conductivity and dielectric 
constant of the local earth, and the results will be compared with 
measured values. The comparison proves to be gratifying. For 
consistency, the self impedances will be found by the conventional 
method employed herein. 

It should Le pointed out that although comparisons have been made 
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by previous investigators, they were made upon half-length vertical 
antennas immediately above an artificial highly conducting ground and 
thus did not simulate the actual operating conditions of a horizontal 
eirray. 



i»e Also, the generalized double line integral will be integrated 

to give the mutual impedance between two parallel wires of equal length, 

assumed to be carrying unattenuated travelling waves of current in phase 

opposition. Then, as in the case of standing waves, the mutual impedance 

formula will bo applied, in the same manner customarily used in applying 

Neumann's formula for lumped inductances, for finding the intrinsic 

impedance of a single wire in free space assumed to be carrying a 

travelling wave of current. The resistive component of this impedance 

is identical with the radiation resistance of such a wire as derived 

by integration of the Poynting vector over a spherical • surface surrounding 
i 2 ) 

the wire' 

The results will be interpreted physically in terms of an open wire 

transmission line assumed to act as if it were terminated in its 

characteristic impedance. This yields an expression for the radiation 

impedance of an open wire transmission line, which expression vanishes 

in the limit as the line spacing tends to zero. This, of course, 

neglects the attenuation of the current and thus does not give the 

same expression for the radiation resistance of a transmission line 

( 21 ) 

as derived by J. E. Storer and R. W. P, King' ', who used a series 

expansion approximation in carrying out their integrations. 

Also, the results will be used in deriving an expression for the 

( ® 2 ) 

approximate input impedance of a Beverage' ' wave antenna. 
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ijj As in the oase of standing wares, the most general case that 
oan be integrated rigorously for the mutual impedance of two wires 
carrying unattenuated travelling wares of current is that for parallel- 
staggered wires. These results will be interpreted in suoh a manner as 
to gire the coupling and radiation impedance of peurallel transmission 
lines within the same rioinity, each line being terminated in its 
oharaoteristio Impedance. 

i.e IXia to the generality of the problems inrolred, rector geometry 
will be used throughout the derelopments. 

1.0 The following s3rmbols are used in the remaining portion of 
the text I 

all ■ rector axis of antenna one 

slg " reotor axis of antenna two 

aj^ “ unit reotor 

^18 * reotor from any point on axis of sintenna one to any point 
axis of antenna two 

■ rector from oentroid of antenna one to centroid of antenna two 

t ■ reotor operator dej 

** a 

■ rector operator d§lt42 vdiioh adds k times a rector to the 



gradient of the divergence of the vector 
wave number 

Ro “ a i2on ohms - intrinsic impedance of free space 

Pq ® 4«(io) henries per meter = permeability of free space 

Co “ farads per meter » perraitivity of free space 

A * retarded vector potential 
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a ■ oonduotivity in mhos per meter 
I ■ current density in amperes per square meter 
3 • current density in amperes per meter 

/ 

I ■ current in amperes 
I' • the complex conjugate of I 
6 ■ penetration depth of current 

Rg « surface resistivity 

E « electric field strength in volts per meter 
Sy-“ vector from the centroid of antenna one to any poiht'.on the 
positive axis of antenna one 

82 “ vector from centroid of antenna two- to any point on the 
positive axis of antenna two 
» negative tenninus of vector axis of antenna one 
P^o ■ centroid of vector axis of antennq, one 
^18 ■ positive terminus of vector axis of antenna tne 
Pea “ negative terminus of vector axis of wntenna two 
P20 " centroid of vector axis of antenna two 
Ps8 “ positive terminus of vector axis of antenna two 

fgT ■ distance from Pg, to any point 6n vector axis of antenna one 

fgo » distance from Pgo ^o any point on vector axis of antenna one 

^88 ■ distance from Pgg to any point on vector axis of antenna one 

» the projeotidn of the line of centers vector upon antenna one 
®8i “ projection of one of the nine diagonal lengths upon antenna one 
ygj^ * value of for parallel antennas 



■ one of the nine diagonal longtha between the points 

■ ^i “ ®Bi 

Lie - rj ♦ tgi 
* “8 “1 

"ij* ^i^ " ^Ij parallel antennas 
r “ Greek letter rbfi 

Zj^g * impedance ref looted into antemia one by the current in 
antenna two 

' » » 

Zyf^tZyg,* portions of Z^g 
(r,©,(^) * spherical coordinates 

” cylindrical coordinates 
Cl “ cosine integral function 
Si “ sine integral function 



C ■ Buler’s constant 
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II 

THE GENERALIZED CIRCUIT 



a. 1 Ohm's law for fields is( ) 



E - 



(0 



in whioh 



B - Bo + Ei , I - iof(P). 




Now, Eo is the applied field and hence the line integral 

/ Eo*dr 

mm 

will be assumed to be independent of the path of integration, whereas, 
is the induced field or that portion of the. total field iriiioh arises 



from the current densities within the circuit and is given by( *) 

Ei = - >PoA 



with 



in i^ich 



A ■ /_A2 dv 

▼ enrei 



( 8 ) 

(a) 



**31 - If a - rgj- 

Thus, assxuning f(P) “ i for P within (c b) 

■ f(Pi) for P within (b c) 
e 

the circuit equation beoomes( ) 

So - |iof(Pl) >V»oA - 



(*) 



1/ 



/ 



i 



i 



4kl 

I 





i • •. «« •,- 
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the subscript upon the vector operator, del, indicating the differentiation 
to be at point . 



8, a At high frequencies the current densities may be trrltten as 

^ (l»3»Cx 

surface current densities'' f, that is 

3 - ■■ 

TT^T) 



in which 






is known as the penetration depth. Equation 2,1(4) may then be written 



with 



80 - 4 



•'s 4wri2 



(1) 



and Bg the intrinsic impedance of free space, and in vdiich the surface 
of integration is that of the wire of radius a . If the current is 
sufficiently isolated such that the current may be assumed uniformly 
distributed around the surface of the wire, and if 

ka«X 

it is permissible to write 

i * 2a a J 

and 

I . ^ 

■^b Tgi 

Thus, if Rg is the surface resistivity, and if the vector operator 
del til is defined as 

L ■ (K* + k ] 
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equation (i) may be written 



^ V'Pi) * 3^J</b • 
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Taking the scalar product with the complex conjugate of ^Idr, , 



|Eo-Iif(Pi)‘dr, = 



54^IV(POrdr, + . C^) 

Integrating (4) to obtain the power input, defining 



(3) 



as the applied voltage^ and 



as the ohmic resistance, and recalling that the applied field is assumed 
to be conservative, the input impedance defined as 

Z. 

becomes 

» « -.ikrai 

(e) 



. = y 

■in I, 



*“ j kr 

Zin = Z, + jri^i^f(P3)f(Pi)V,[^-r-^dra]-d?i 






in which 

2i ~ 

is the internal impedance of the conductor. 

g, a Now consider two circuits with no direct coupling. 







1 
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Let 



8i “ - Tq, . dsi - d?3 

^2 “ - ?o2 , dig =» d?g , etc. 

Also, let 

®1 = = S3S3 

S2 = Isel^z = SgRg , etc. 

Following the same procedure as in 2, 2, one now has 



and 



*ni* 3 i ' d 4 nrg 3 

.“jkr: 






4 nr,g 



d 4 nr 42 



( 1 ) 

(2) 



After substituting into 2.2(3), integrating for the pov/er inputs, 
and striking out and ^I^g, respectively, one obtains the circuit 

equations* 

t ds J-ds^ ♦ zj (.) 

Q d "42 ^ 

or 



♦ Io22i2 
^2 “ ^01^21 ■*■ ^02^22 



Hence, the impedances may be written 
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Z,2 - (e) 

k b d r^r 

2st = — ^di^j^dSa ('’’) 

D d r,2 

Zii = *^/^/^f(Pl)’f(P 3 ) 2 i[ 2 Z 2 ^ds 3 J-d 6 , + Zt (e) 

222 = ^J^f(P2)*P(P4)X2[24^d84]*di8 > Zg (s) 

It may be observed that as formulated above, the impedances are 
not symmetric in the subscripts unless the current distribution 
functions are real, that is, unless the currents are every where in 
time phase within the circuits. Also, it should be noted that the self 
impedances are the mutual impedances between the axes and surface 
elements, which is to be expected, since the paths of integration are 
chosen in the conventional manner to avoid the infinite reactance of 
a circuit of dimensionless cross section. It may further be observed 
that equations (e) to (9), inclusive, are the basic equations for the 
well known induced e,m.f. method for determining antenna impedances, 
although as usually formulated, the current functions are required to 
be real. 



2*4 



However, 

general 



The reciprocity theorem^^ ^ implies that 

^21 * 2^2 • 

this is not apparent from 2 * 3(e) and for the more 

.- 4 - 

cases, as the integrands are not necessarily equivalent. 



(0 



Perhaps a closer examination of the graddiv terms will lead to a better 
insight into this problem. 
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3 , 



Now, sine® 



* ^1* ” S^gSinSg) “ 0 » 

■ (V*8»)Sl5i- * -S-^’)Sj(S2*S2l) . 



Sinoa 



®2*«21 ■ 008® S 



- r Btneo 

*®2 r 
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Si ( h 52 i ) - ^ 8 r ^? 35^®°®®8 



But 



*2*^2 • sin9j 



hence 



^si 



&2i(a2*a2i)5pr 






21 ^^21 



+ a©2(«-2*a«2) 



ra^drgi r^x 



(4) 



Thus, it may be observed that the vector 

dss) 



^i(- 



21 



contains three coplanar components, one in the direction of the current 
element ds^, a second in the radial direction toward the element ds^, 
and a third normal to the second. 

From ( 4 ), 






^21 



21 



aa) 



(Rj *^25.) ®2l)' 



3 e 






'ar|^ 

ana similarly 



+ [(ai*a92)(a2‘a92)’ 



rp,ar 



2ior2i ‘21 



" ] ,(e) 



0 e“j^^i2 



(a2*aT2)(a,«a, 2)^-2 jr— — + [(ft2* )(aa«a9i)- 

Subtracting (e) from (e) and using 



-:;K:r 



e 



12 



r i^) 

128 ^ 12 , 



^21 * 



one obtains 






a-ikr,2 

)] “ a2*(S2S2*aa--p^^ — J = 






86^0^1-21 



^21^^21 r.,,T 



To show that the determinant on the right in ( 7 ) vanishes id--: ^-caily, wite 
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and 



^ei(®ei *®i) 


(®) 


®ez^^e2*®2) » 


( 0 ) 


L^, respectively. 


and subtract 



(®) from ( 9 ). Thus, it follows that 



A-,[— — — dsgl-dsg » Agt— ds^jMsg . 

^21 r TO 



.0 — 12 

— asaj-asg » figi 

21 * 12 

Substitution of (10) into 2.3(c) shows that equation (1) holds 



(’o) 



for the case under consideration. 

Now, a closer examination of 2,1(6) shows that dependent 

upon the order of the selection of the two paths of integration. 

However, neither current path is actually along the axis and one should 
certainly make no distinction between the two paths. To eliminate this 
anomaly, will be taicen as the arithmetic mean of the values obtained 
by the two possible orders of path selections. Since 



J[f(P0’f(P2) + f(P2)'f(Pi)] = Re[f(Pi)'f(P2)J = Re(f(P2)’f(P:i)] , 



in view of (10), the expression for becomes 



* 0 ICI* J2 

Hn- Re[f(Pi)'f(P2)] ^^ ---drg]»dr,. (n) 

The other formulas will be modified so that they conform with ('’■'). 

Thus; 



21 



30 A® 



Zss = j Re[f(P2)»f(P4)] Ag[ 



,-jk:r3 

>*31 
^42 



dSgjMs^ 


( 12 ) 


2-1 - 
ds^J*ds2 


(13) 


dsjJ'ds, + Z-, 


( 14 ) 


di^J'dSg + Zg 


(16) 
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The resulting formulas (12) to (tb), inclusive, are perfectly 
symmetric in the subscripts and hence 

holds for any two wire antennas even though the currents are not every 
where in time phase along the antennas. 
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III 

MUTUAL IMPEDANCE OF OPEN WIRE ANTENNAS 
3 . 1 In an attempt to determine the mutual impedance of any 
two symmetrically fed open wire antennas of arbitrary orientations, 
assume antenna one of length zlj and antenna two of length sl^* Furthermore, 
let their directions be indicated by the unit vectors a^ and 5g, 
respectively. In other words, antenna one is represented by the vector 
2l^ and antenna two by 2l2* Let ?q be the vector from P^o^ mid-point 

of antenna two, to P^ot mid-point of antenna one. Let Sg be the 
vector from Pg^ to any point within the interval (Pgo^ss) > 
s^ be from to any point within the interval (Pio^i 2 )* ^ 2 i 

be the vector from the terminus of Sg to the terminus of s^. Then 



■ ^0 


8l - 82 


(t) 


12 “ “^21 “ 


“?c -Si • 


(2) 




f* 2.1, 

‘la ^ 






’i. ^ - 

















fL f>/J 







3. 2 For symmetrically fed antennas of dimensionless cross section, 
it is well known ( ) that the currents are distributed sinusoidally from 
the ends of the antennas. Hence, the current distributions may be writteni 
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) for P(s^) within (P-iq^’is) 

=» Iimsink(li+s,) for PCs^) within (PiiPiq) 

I2 “ ^(se) within (PsoPaa) 

=« I2msink(l2+S2) for PCig) within (P21P20) 

Thus, from 2,4(12) and 2,4(13), in terms of the input currents 
for symmetrically fed antennas, the mutual impedances become; 
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j 30 f ^ 5 o {j P ^ 22 

rTnin";”siHkl„f# sink(l,+S3)|[/ aosinkdg+Sg) +/sink(l2-S2)] 
^ *1*11 P21 *20 

-jkr ,2 . P -,2 r Pa« 

S2t r7^^i^*‘i^2j + /pjj^^sink(l^-Si) |[/p sink(l2+S2) 

P22 ] ] 

+/p2o®^"^^^2-S2)]^2[— P^7-dSi]«di2j j 



(^) 



12 



3 30 / ^ 20 f ^10 ^12 

k sinki^ sinki2|^Pjg^®^^^^2‘*’®2) I ti^p^^sink(l, + s^) + ^^sink(l^^-s^) ] 



= ft" j^'^2‘» 1 -*22 C 10 

®lt r2i "f i^p®i^(l2“®2) J tj^p sink(l^+s^) 



p 
P20 



/p^oSink(l-,-sd3Ai[~^dS,]»dlij| 



(®) 



In order that physical symmetry in the final mutual impedances 
may be assured and in order to facilitate certain integrations, the 
final form of the impedances again will bo taken as 

^21 “ ^12 * 5f22i'*’2ie] • (e) 

3, 3 For reference in carrying out the integrations, the well known 
integration formulas will be listedi^ ^ 




Cik(ro2+*2) “ Cik(ro^.|.s,) 
Cik(ro^-z^) - Cik(r^2-Z2) 



(0 

( 3 ) 



22 



where 



and 



= Sik(ro2+Z2) - Sik(roi+Zi) 
^2_sijik^£o_l)^j2 “ Sik(roi-Zi) - SikCrog-Zg) 

Fq = roi - Fq^ “ 



Ci(x) - -Jl 2^dz . Si(x) = y^-4^dz . 



3. 4 Letting 



- / - - - - , 

gi = a^(a.^»A^- ) and g2 = a2(a2‘A2-^q^) . 



the scalar components become 






Si ■ ‘i-‘i-r;r 



21 



= -ai‘Sj 






21 



-Az'ai- 



-jkr 



21 



21 



( 2 ) 

(0 



and similarly 



T e 



-jkr 



§2 = 



12 



12 



Hence, from the vector identity for the gradient of the pr oduct of 
two scalars, 

- _ “0^^12 ^ 

sink( 1 g-*- S2)^2( ^ 2* ^®i) ~ * sink( 1 2+ Sg) Agg^ ds ^ 

^12 



-&2[SiSinkU2+S2)ds,] + g,AgSink(l2+S2)ds, 



-A2[giSink(l2+S2)dsT J + a2gik cosk(l2+S2)dSi 



(^) 



and similarly, 

g-jkr,2 

sinkU2-S2)^2(^2* — Z ) “ -Z2[g-)SinkU2-S2)ds,] -a2kg,oosk(l2-S2)ds.i. ( 2 ) 



Thus, 



JD p ^ ^ 0*J^^T2 

[^®°sink(l2+S2) ♦ /p^’®sink(l2-S2)]A2(^2* — I ds-,)*<is 

^ 21 *^20 i *ig 

= k(jL^°cosk(l2+S2) - ^®%osk(l2-S2)]gidS2*diT 
r z^ ^20 



(3) 
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Also, bv ^ 






k‘^[j^^°sink(l 2 +Sj.') + j^®^'sink( ip-Sg) — ds^'di 



a^l 



-Jkrg, 



f.: 



- 2 G 0 Skl- 






] 



21 



20 



P ^ 22 i 

[/p:’’:°COSk(ig-4-Sp) - /p COSk(l2-S2)]g2dS2|*dSi 

" ^ r 20 J 



in which 



^22 distance from Pg2 ?(st) 

is the distance from Pg-, to P( 3 -j) 
is the distance from Pg^ to P(i^) 

and in which one lets 

u = dv = sink:(lg-*'Sg)dSg dv* = sink( Ig-Sg jds. 



12 



du = Ig-dsg V = - ^oosic(lg+Sg) v' = ^coskl Ig-Sg) . 



Hence 



sinia 



j ^ 2 , , i [^^^sink(l^-^s^ ) + /p’%ink(l^-sO Ja, 

inlci^ sinklgL -^lO 



** ,1 22 
re A 

[ — ^ 

^ 22 r 






-jkf, 



21 p 20 , 2 

-* i^cosklg ]ds^ I 

21 ^'20 J 






sinkl^j 



(O 



(p) 



[i^''°(5T*g2)cosk(l2+S2)QS2 " gT+gs ) CO sk( 1 2 * s 2 ) ds 2 Jd s J 

^21 ^20 ’ 



and similarly. 



Z 



sinkl. 



• i [//^^sink(l 2 -*-S 2 ) + ii(^®®sink(l 2 -S 2 ) J &1 

^sinklgL rgQ 



i—Z 



I- ^ - 2 C 0 SklT y JdS 5 > I 

^ r,o ^ 3 



T 2 



(c) 



IsTnki 2 f^^ 2 i®i"'^(l 2 "’® 2 ) ■" ^®^sink(l 2 -S 2 ) Ja 2 

■^ 10 — — ^ 12 — — J 

[/p (iT + g2)cosk(lT + sOds^ - / (i, + g2)cosk(lT-Si )dST JdS2l 

r-n J 

it being understood that the direction cosine must be integrated over 



sinkl 
P 



both paths. 
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At this point it should be instructive to examine (b) for a 
physical interpretation of the various terms involved, A study of 
the method of deriving 2, 3(7) shows that the mutual impedance has been 
taken in a manner consistent with ( ) 



-21 



g ?21 
^2inl^ in 



(7) 



in which IjJg-j is the mutual complex power given by the integration of 
the negative electric field from antenna two against the complex 
conjugate of the current in antenna one. 

Schelkunof f ^ ) has shown that the electric field from a 

sinusoidally distributed current has two components in cylindrical 
coordinates, namely, an axial component and a radial component! 




, «-jkr, 

= j3ol[aooskl^S-^r^ ^ 






(f) 



Ej. = - j 30l [2C0Skl^ ^ -- y^— — cot 0 Q - cotQ^ - ^ ^^ " ^ QQtOg] 



Thus, the first term of (b) may be readily identified as arising 
froja the component of the axial field from antenna two token in the 
direction of antenna one. It will be shown that the second term is 



equivalent to the integration of the radial component of the field from 
two against the current in one, that is, it will be sho.vn that 



“ ■“ "■ ) J • ^ 8 l 

the vector within the bracket of the right member obviously being 
normal to a^. 

Consider: 

(Sl+S2)*Sl = 6i + (Sl‘S2)g2 



25 

(9) 






3 



= [ai‘a2i+(a,*a2)(l2*aT2)]3f-; 

^21 

= -t(S,-S3)(5=-a3i) - 1 

^21 

= "a,* [a2(S2*a2i) - (a2*a2)a2i]g^— 

21 ~21 



Hence, 



and (9) follows. 



(ll+S2)*ai » -a^»(a2x(a2xSi)j2-i^^ 



21 



( 10 ) 



If Sj, is defined as 

f 



r - 

f 



acx(a2ixaat) 



l^zx^zi 

in consequence of (e) and ( 9 ), (c) may be writteni 



( 11 ) 



10 



^=1 * * 4’%inl4,-5,)J 

jSal— F 



^10 



- a f®- 



e~ j^*‘22 ^ e~j^^2i e~jk^20 

^22 

22 



KT ' 



(12) 



**21 ifo-iXSol l**20Xaol ^ 



f **22 l*'22^^2l **21 jf 21^^21 1 **20^^2 1 



with a similar expression for However, the radial component of 

( 12 ) is not readily integrable. 



6 It should be observed that if that is, if the antennas 



have parallel directions# 
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aj.*a -5 a. 






(’) 



and the mutual impedances are given by 



*21 



2-12 sTnIcfJ-^singr;,^^iE * ^z-i) 



where 



P 



^21 ® [/p’°sink(li+33) + /p^^siri]c(li-s^)3 



( 2 ) 



( 3 ) 



•jkf 



£5 + e 



-jkp 



21 



-jkf 



2C0Skl22^^|2]ds, 



22 



21 



20 



and 



% ^ 20 ^ J 22 

Sg) ^p^^sink:( Lj-Sjg ) ] 



re”0’<^^i2 „ n., 

[— 2cositlT^2,~j^]dS2 



(*) 



As a matiter of fact, after carrying out the integrations for either 

S» 9 

Z«j,g or Z21 , the resulting formula is perfectly symmetric in 1 -, and Ig* 
Hcnc'^, in this case physical symmetry is assured by carrying out only 
one set of integrations, that is , one may express 



Z ss z ~ - 4 

sinkl;j sinkig 



(®) 



Of course, even in the general case, if all integrations cou*! 
be rigorously completed, in view of 2,4(1), one could be assured of 
physical symmetry in the resulting formula even thovigh some of the 
projections vdiich arise may seem to indicate otherwise. 

The logical procedure seems to be to integrate rigorously for 
and in t he general case, to writq by analogy with , and to 
carry out the integrations of the remaining terns as rigorously and 
logically possible. 
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Aftar integrating rigorously for the parallel-staggelred case, 
the integrations will be attempted for the quasi-parallel case, 
following which, the formulas will be required to reduce to those for 
the parallel-staggered case and to fulfil such other conditions as 
become apparent from a study of 3 . 4 ( 13 ). 

For the quasi-parallel case, let 

n * a^ • a^ • 1 

and from the additions of 3 . 4 ( 8 ) and 3 . 4 (a) , one obtains 



t ? 



-jj~8inkl,sinkl2[Z-]g+la^ J ■ ] 



^ ?30 

i 4 (Si+63)»i’^(li^l2-^Si+S2)d8idSe 

^31 

P ? ^2 

”/p y? ^(ST'*-S2)sinl£(-l,4l2+S, + 82 )dSidS 3 
^ ^ 10 

-/pgo^p^^(Si+S2)3ink(li-l2+Si48g)d8,dsa 

Fas Pis 

|/p^^/p^^(gl^gs)sinl£(-li-l2+8, + S 8 )d 83 d 82 



(«) 



s. 6 To integrate 3.-o(.g), first write 

?o - Is + 81 



r 

*"33 



ao 
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?c ®i 

?<5 + la ♦ Si 



(t) 



and break them into three mutually normal components, respectively. 
Thus, if 

_ - _ a^xa. 






a^xa^ 



UxS, 



the distances become 




[ 



.J 
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^20 “ il^x’ic^^' * [Si*rg+s,J-' 



(3) 



^21 “ |(Sx*^?o+l31^[ay* (r^j-t-ls) 3 2 + [sj* (ro+lg)^s^3''^ 

To reduce the lengths to the form for applying formulas ®. 3(i^ 
to 5 , 3 ( 4 ), choose the origin, respectively, such that 

for f-ssr » Si-»-a,»(ro-Ie) 

for f’aQ, z * Si-*-Si»?<5 {*) 

for Tz^> s =■ 8,+a5-(rj5+l2) . 

Bqua.tion 3, «(») then becomes 

* C ^ — 

2ei ^ „i^+i^,(?o-l^ sink[l^-an*(?c-lg)3 

^ 4-(?=-is) 






(rcnpj 
(r^+ig) 

^ t .(?* *T '. sink(l^f5^-(r 4le)->z3 y -- - dz 

J Sl*?Q 

-scosklg^* - _ 3ink[l-^-a^»P 4 z3 



l,+a^*ro 



^ -^T~l *0 _ Je“j^f'20 



3^7 Since all terms of 3 . 6 ( 6 ) are of the type 



^ >2 

B a / sink(A-vz)- 









( 1 ) 



time will bo saved by integrating (i) by 3 , 3 ( 1 ) to 3 , 3 ( 4 ) and using 
the result as an integration formula. Thus 
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B « ^j3inA(Cik(rQ2+S3)-.Cik(rQ^+2^)-«.Cilc(r^i-ti)-Cik(rog-»g)] 

* oosAtSikU-02+aa)-Sik(roi+Si)-Sik(rgi-Si)+Sik(ro2-a2)]j 
■f cosA[Cik(rQ2+Z3)-^Cik(rox4£,)-Cik(roi-Z3)+Cik(roa“Z2)3 
« sinAlSik(ro2+Z2)-*Sik(ro3+Sx)-»'Si^(2'oi-’*^i)“‘Sik(ro2-Z3) ] j 

For 



B - /®»8iBk(A-z>S^^^^ds 

Zl To 

us« (a) with oosA replaced by ~cosA, 

For 



B =» y^%oek(A+s)2~~ — ^'dz 



ro 



us© (g) with siuA replaced by eds(-A) and coeA by ain(“A) . 
For 



B * /|®co3k(A-z)2“>4o^^® 



raplaoe siiiA by oosA and replace cosA by sir^A# 



(2) 



(a) 



(O 



(e) 



^__s For additional aid in the ’writing of the formula for Zg^ p 

let 



® 3^ 


(^. 




' 


fsoii ’ 


(3) 




(4) 


fpOTO - = 


(») 


^*8111 “ i[ax‘C^o+^s)3®-^[y 


(6) 


^8018 “ 


(*>*) 
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axio 






ana 



• (Via) ) f ( VU) 3 t5i» 3 ’ 

ft*x‘ ( V^a) 3 M^*( (?o^^ 8 +^i) 3 ' 



that is. 



Peaii 1^ diagonal length froza Pq^ Pni> 

^aaio 1® diagonal length froa Fgg to P^q. «to, 

Purthenaor®, lot 



and let 



“ »l*s*o 

*81 " V(?o“ll“ls) * J^i-li-i^a 
*88 “ ’*i*(**o"la) “ ^i“^a 



^S 3 



“ ai*(Vli) 



h,-l 



1-^1 



*84 “ Si*(?o+^i“ 3 [g) - hi-i-li-nlg 

*se “ V(?o) " 

*sa * Si»(?o-Ii+l3) » hi -li+nlg 

*87 • Si*(Pg+Ii) « hi +li 

®as *'i*(Po'^^8) ** hi+nl^ 

*ao “ ®^i* (*‘o‘*'li*ls) * hi+li'S-nlg 



Also, lot 



and lot 



ysi “ *si Po** 



i » 1, 



• ♦ • ® 



'il ” ^i “ » 8 i 
ia 






♦ *8i 



ia -whioh is tho i"^ diagonal for i*i*'.,,e. In case n«i. 



(•) 

(®) 



(lo) 



(il) 



(is) 



replace hy and replace fj hy fho following aketoh will 

aid in ohoosing the proper syobols for the fonaulaS 
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3 - 



s.® Applying 3 ,v(s) to 3,«(e) and uoing the uotatioa. of 
after slight algebraic and trigonometric raanipulationp one obtaincij 

igl * “|sink:zg 4 [CikL|i-Cik£f^+CiliIfg“Oikt‘|g;j 
♦oosks [ S ikL|i“Sik£gi-"Sik|j|- 2 -«-S ikLl^ 3 
•<• s ink E 29 fCik£§ 5 ^-C ik€f , +C ikL^g-C ikLf g ] 

+ 0 o sks 29 [ S ikf 1^- S ikLg 5 ~S i kL % g<-S ikLg 2 3 
-sinkzgiCCikLf^-CikL^ it-CikLgg-tikSfg] 
-008kj.girSikLfi-Sik€2i-SikL£'2 4-SikL®a3 
-sinkzgQlCikLf j^-CikLfif'CikLfg-Cilsi.Qgj 
-ooakEse [SikLfi-SikLfi-SikLls+SikLlg] 

-( 3inky204 3inkyg4 ) [Cikf f i“CikL 7 ^-«-CikL 7 g-*Ci 
- ( c 0 sky 2 g 4 CO sky 24 ) [S ikL§ 5 “S ik£f ^'«“S ikL^ i kl- r ’ 2 

+ (ainkyae+sinkya^^) [CikLfi-CikLf i+Gik£|g“Oikf^f;c, 
+ (oo 8 kyga+oo 8 kyg 5 ^) (SikSf j-'SikLg^.'^SikL^g+SiidLt;-,. 

- j| I s inkz 24 LS ikf ikLf i+S ikL® g-^^S ikL|g 3 

- co8kz24(Cik£|5^~Ci)cSfi“-Ciki!.f24CikL223 
+ sink2g9[Sik£|i-Sik£f ^^-^SikLgg-SikLeg] 

okzgg [CikLQ^—uikLg7~&ikLQg4CikLgg j 
s ixikz g^ ikk^^^S xk,L»g^ 4 ii xkli gg^o xkij^ g 3 
co3kZ35^[CikLfi-Cik£|^“CikLg2+Gxk£fgl 
ixxkzgg f SikbQ^'"Sik.l#9^4SikIjQg‘'*SlkIiQg3 
oQSkzgg j.Cikf f 3 ^“Ciki!|-jL"OitrLfg-j-GikLgg| 
inky gg4 a inky 34 ) [S ik£ | -S i kL 7 .j •> S i g-S ’ ’>'£- - J 

+ (oo 8 kyg 9 +oo 6 kyg 4 ) [GikLf i“»CikL 7 i'’’Cik£fg^ Cikl 
^(sinkygg+sinkyg, ) [Sik£|-j-*SikL|^_+SikL|'g“S^^-^' ^i. ' 

•“(coskygg^-coskyg^) [Cik£®3^-0ikL|7"CikL5g4Gi'iL.'.- , 



- CO! 



si 

oc 



•(s 




m 
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It is again ansphasized that for parallel- staggered antennas. 






“12 



3'SO 

sirtkl^sinJclQ 



21 



(2) 



3,10 From 3,1(2), 



Letting 



^•12 “ 

^10 =* 

» -ro+Ii+Sg 



» “-2 






&-0^8Lr 



lacxttgi 






1 acXay j < 



ax 



the distances become 

^•11 “ |[5x* (-r^+Ii) ]®+[ay« (-?Q+Ia) j2+(ag» (-r^+lVKsg^j^ 



(1) 



(®) 



Hence, if 

^2 *0 

equation 3.*(e) may be integrated for i,g by analogy with ig^, 
provided h, is replaced viith hg and I 3 is interchanged with Ig in 
s»e(io) to (is)» In other words, write 

2ii “ h-g-lg-nl^ 

*12 * 

*13 * ^z'~^z 
*14 “ hg-^lg-nli 

*16 “ (*) 
*16 “ l^2“l2-"Oll 

*17 “ ^Z*~i-Z 
*16 



hg+nl^ 



for i=i, . , . 



9 



t i ' li 

Yii * ' 

t,q,j niw I.,' and L? defined as in 0,0(12). 

Ihus, to vfrite Z,2, in 0.9(1) make the follovang replocem. - 

Zsi t)y 

ysi by yai 

L?. by f.’ . 

ij ij 

Ixa.'srn. tion of tho resulting formula for verifies 3 , 5 ( 



o -j tia.’ing integrated the first two nerms of 3,c(e), f-'' ■ 

!■«-*- '-fc j^ade to integrate the remaining terras. To proceed, for tr 
t,«mi level viag 

. - 9 -jkr ^2 



®-g’ ^ 2 * r ^ 2 

^ i tr jt with respect to Sg, and for those terms inrci' 



- ^ e’-: 5 ^r 



f'-’te fi'ist x^ith eaoh' case, int©gi*at 3 o\ -w 



21 



.X^!- 



» £g — y— — *QSg 

dv =* 

X “ 2 ^ 



Thus, after slight trigonometric roanipulatio j. 



r 



- -^j,siaki,^siiiklg(2jj^4Z,2) - + i^g) 



P'C ,,.-,1kf’oo 



«-. f ■'^■OOSt'.lo” 
la 



-(41.-^-::^ + 2^«i)]si„k(i,-.5. *u 
I’ES f-! 



y ^ ^ ^ ^ , 



K2 



21 

acosklg-i-r*-"-^ jsink< -l.+ £. '-)■ 

* 80 



■«->{73 taco ski,- — r—“ ~ - • — - — j~ Jsxnk(lo-^3o i<i « 

* «'*. P-jo “ - a -■ . 



P 

^11 



^ ^2 



•* so Tj ^2 
/so ?io 

P-kf fit C08k(l^-^l2■^S,■^S2)dS^d52 

^ST ^11 ^^3 

-i- sk^^p '^^-- MZ^^ - l Sco sk( 1 e-1 3+ s i 2) ds ,ids a 



P.^o 



12 



-'ss/io fi“jlcr,2 , V 

'*0OSk(l,-l2+8 3 -*- 82 )dS 3 d;g 



Jy 

•- so r 31 r 12 



/2s/:i8 e-d’^cJ-is 

«’A?p — coskC-li-lg-frSi+SgjdBidSg 

■r^s.o Fio ri2 



..('■•I'K.-f-jTC 



'l53iiiI:l3sinkl2(Z2i+Zia) “ (*i“i)(Zai+Z,2) 



/20 /lO . 

- 2k/ / -— ;; 003k(l,-«-lg-f8i+Eg)d83dS2 

•^21 *^i2 

/20 /l2 

,-^P ‘ — — — coakdg-li+si-s-sgjds^dsg 

'*^21 ^ XO * 12 

/es/io a,~kjri 2 , , 

■‘' 2k/p^^/p_^^*-~-p-~COSk(li-l2-f-6i<-8g)d8idS^ 

/s8 Pis 

- sk/^ /p — — — cosk(-ll-lg•^Sl■^•S2)dSlac 



Pso ^10 



12 



» xT SC integration of the four double line integral: 

. c-,t by ^*7(4,). Ho'^eirer, the second integration will 
out analytically by a rigorous method. Hence, as 
it IS preferable to employ both possible orders of 

I * * ':>Li.O.* let 



% ifSIfe >»■ 

' 
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k(n+i) ic(n+i) 



jq^008k(li+la+8i+82)d3id8 

*fp /p oosk(la-li+8i+8a)d8ids 

*^81 ^10 *^18 

/ 82/10 

+/p^^/p^^ jrj— 008k(li-lg+8i+82)d8id8 

Ps2 P 12 ^"3^12 

8 k( - 1 1- 1 a+ 8 82 ) ds id 



Obviously, for Si*a 2 •’•» 



( 3 ) 



s i. nK l8 ?A^ L v Zai - J(iai . zl^) . (*) 

joo 

Equation (4) i8 a pertinent restriction which will be imposed 
upon the final integration of (a). 

Proceeding with the integration of (a) first in Si, recall that 

^81 - ?Q+ 8 i- 8 g . 



Breaking rg^ into three mutually normal components as in 3 . 6 ( 2 ), 



r.i » ' (') 

Hence, let 

8 » hi-nsg+8i (e) 

and (a) becomes 

1/1 »» % /20 i^i"*^®8 o-jkrgi , / X , 

■^81*22i) ■ -k/p r ^C08k(li+l2-hi+(n+l)83+8)d£d8g 

“ *21 *21 

^2o ^1"^®2‘**^1 e**0^^21 

-cosk(la-li-hi+(n+i)88+8]dtd8g 

^S1 “l"*^®8 ”21 

P 22 

♦Mo / X — r-“ — oo8k(li-la-hi+(n+i)8a+r Jdsdsg 

*20 h^— lX8g '“li ~2l 

^P80^hi-n8a jr^oo3k[-li-l8-hi+(n+i)82+8jd8d8a 

Applying formula a, 7(4) to equation (v)» 



-A oosk[li+lg-h-j+(n+i)s23[Cik(fio-i-hi~asg)“Cik(rii+h3-l^--s\33) 

♦Cik(f ii-h3^+li+ttS2)-Cik(rio~*n'»?’-8c) 



+/ , 8lnk[l^+lp-h^+(n+l)E23 (Sik(f^ +h3-nea)«'Sik(f 

-»S ik ( f i3~h 3 ^+ 1 3 +na g ) +S ik ( f 3^o"*h 3 -('ns 2 ) 3 ds g 

+/_, 0O8k(liwl2+hi-(n+i)s23 (Cik(f 3Q-h3+n8g)“Cik(l’32”hi"l3+ns2) 

2 

+Cik(ri8+h3+l3-nSg)-Cik(f 30-»-h3~nag) ]dSg 



-/ 1 «lnk(li-le+h3-(n+i)8g3 [Sik(r3o“h3+ns2)-Sik(r3g-hi-'l3-niBg) 

“Sik(f38+h5+lj^-n8 2)+Sik(r3Q4-h3-n8g) jdSg 

oo8k[l3-l2“h3”(n+i)sg3[Cik(rio+h3"K3a)-Cik{f33+h3»l,-nsg) 

+Clk(f33-h3+l3+nSa)-Cik(f3g-h3+asg)]lsg 

~y^® 8inkil3-l2-h3+(n-n)823 [Sik(r“io+h3-n32)“Sik(r33^h3"l3*»n3g) 

”Sik(f 3^-h3+l3+n8g)-*-Sik(f3Q-h3+nSg) Jdsg 

Co8k[l3+l2+hi-(n+l)s23[Cik(f3Q-h3+n82)-Cik(fi2-h3-l34.n82) 

+Cik(f32+h3+l3-n8g)-Cik(fio+h3-n8g)3d83 

+^® 8 ink[l 3 +l 2 +hi“(n+i)se 3 {Sik(r 3 o-hi-n 88 )-Sik(f^ 2 "^ 3 ~ii‘*'“®a) 

~Sik{f j2+h3+l3-ns2)+Sik(f ^(j+hj-nsg) jdsg 



[^3 



[«] 



M 

( ea) 
[3] 



[«] 

[t] 



r ■ 1 



[oontinued on next sheet] 
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“ j|-/n Sink[lH+l2"hi4.(n+i)sg3[Cik(f^oi-^i-~as2) -ClkCf^^-e-hx-ir C® ] 

t 

-Cik:(fii“hi+n82)+Cik(^jo-h,+n82)3dE£. 

Co8k[li+lg-hi+(n+a)s2)tSik(f*i ♦hi-n 82 )-Sik(fi,+h^-l -,-nsg) [loj 
±2 ^ 

+Sik(fii“hi+n 8 g)-Sik(fiQ-h,+n 82 )](i &2 

0 

+/_i sink[li-l2+hi-(n+i)823[Cik(f,Q-hi+ns2)-C\k<'fig-hi-l,*iiS2) 

+/„l^oosk[li-l 2 +hi-(n+i) 82 ] [Sik(#'iQ-*h3+ns2)-Sik(fi2“^i"^i'^^®2) 

+Sik(fi2+*^i+3.i-n33)-Sik(fio+hi-nsg)]<is2 ^ab) 

sink{li-l2“hi+(n+i)s2][Cik(fio+h5-ns2)-Cik(f>i^j+hi-l^“i;-S2) 
-Cik(fii-hi-Hi+ns2)+Cik(fiQ-hi+nSg)3ds2 

♦/q f CO sk [ 1 ^-1 2 “ki 5 ^+ ( n+ 1 ) s 2 3 ( S ik( f lo+h ^-ns g) -S i’k ( f ^ j^+h^-1 ^-as g ) [ i « J 

♦Sik(f^,-hi+li+ns2)“Sik(f-^o-h^+ns2)3ds2 

sink[l;i+l2+hi-(n+i)s23[Cik(f>,g-h,+ns2)-Cik(fig-h3^-li+a32) 
-Cik(f*j 2 '*'^i'*’li~°®s)'*'Cik(r^Q+hi-n 82 ) jdsg 

-/J® oo8k[li+l2+hi-(ni-i)8e3 lSik(^lQ-h,+n32)-Sik(f t^®3 

+Sik(f 5 ^ 2 +h,+l 5 _-n 82 )”Sik(riQ+h^“nsg) 3dsg 

3, la In equation 3, ii(e), let Ig^ bo the integral i-l. 
taken in the order written. Consequently, 



(i) 



Now consider each in succession, for example, 



Igi » “/ ? oo 8 k(l-,+lg-h^+(n+i)sp] [Cikjif^Q+h 3 -“n 3 .;>)~Cik(f «E,+h j- 1 , 

+Cik(^^• 5 -h^+l 5 ^+nsg)-■Cik(f,o-h^+IiS 5 ,) jc's^ 



Integrating by parts, ®t 

Ugj * f ->+h,-n3g) ... “Cik(fiQ~h,+na2) ] 

dugi - [Ci*k(f^o+5^a~ns2) .jLic^f-^o+^'^-nSg) ... ] dsg 

dsg 

dVg,^ = -coek[l,+l 2 -hi+(n+x) 32 ds 2 

^zy “ “ rr^ sink[li+l2-h,+ (n-n)sg] 
k(n-«-a) 

and one obtains 



^21 



1 

k(n+i) 



sink[l ^+lg— ] [Cik(f‘2oio'^^n ) "" 

+Cik(f 2 oii“'^'i*lT) ” Cik(f *2 



* , {i 77 )®^^f^^‘*“^ 2 '" 5 ia][Cik(r 2 no+hi+nl 2 )~»Cik(f' 2 ai 3 .+h^- 1 . 4 -alg) 

+Cik(r 2 iii-h^+l,'-nl 2 )-Cik(f 2 no'“^l“i^a )3 

. 0 

♦ !;i 5 +l 2 -hi+(n+l) 82 ]dU 2 , 



* 3 inky 2 ^[CikL 33 ^-CikL§i+CikLgg"“CikL 3 g] 

Comparing (4) with s,e(i), it is seen that the sum of the uv terma 
yields 

2 » 

k^n+i)^®’^ 

that is 

- l^y Aiffi’®i‘^''*'i^ 



4 ^ 



Returning to equation ®. reversing the order of integration 
yields an expression for Z^g similar to (,e), in which the subsoripts 
and corresponding projections are interchanged, that is, 

» » 1 16 

Zaa “ - (®) 

Substituting (o) and (e) into 3,11(3), and subsequently into 
3. ii( 2): 






Returning to ^a), if the interval of integration were such that 
Ug^L were monotonic, one could apply the second law of the mean of the 
integral calculus and write 



or 



and 



I21 



u 



31^21 







duai 

2 



^21 * - |2i ▼8i(*2i)U2iJi^n^j^^g 



Even though the law of the mean can not be applied directly, one 

can find numerous examples involving 

b 

/^cosx f(x) dx 

where integration demonstrates that in some oases it is legitimate 
to write 

y^008xf(x)dx - sinxf(x)]g t sinx^y^df(x) . 

Now, actually, 

«8i S «8i(“»S2) . 





I 

M 




Hence, write 



in which x^i and f(n) remain to be determined. Thus, write 

^81 * ■'^8i(*si) [’^SiJ • (®) 

A study of 3 . 11 (e), 3 , 18 (*), a. 0 (i» 8 ), and (t) above, shows that 

ft ^ 

for n»i, Zgi * 2 ai 

and that this will be time if the following condition*, ire imposed; 

f(i) - 1 

Xgi * “I 2 * 8*3*4»9i’ 10» ll» 12 ( lO ) 

Xg£ ■ +lg, i * 6 »e» 7 * 8 » » 18 * 14 * 16 » le. 

Liowever, (lo) is not sufficient to determine fin) for n ^ f* 



3. 13 It ->3 pointed out in paragraph s. 3 that the electric field 
at point P has two components in cylindrical coordinates, namely 

*-8 ( 1 ) 

-“Jlcrg 
E 



®z - j 30 l[ 800 Sill ^ - 



o o“Jkrg 

OOtd;; - ■' OOtQ^ “ — "■ OOtSgJ 



iy - -j30l[800Skli ^ ^ 

Now, if a,»ag*o and either ? 0 *a^»o or r^^ttg^o , or if a^*Ag»o 
and both ?o»tty»o and fQ.ag*o, examination of ( 1 ) shows that Zg^^^o, 



Hence, for those terms in Zgj which surise from integrations over the 
interval pairs 



(Pg^Pee)# 


f(o) - 1 , 


(PiiPio) 


f(o) - 1 , 


(^ 10 ^ 12 ) (^ 2 iP 2 o)» 


f(o) - - 1 , 


(^ 11 ^ 10 ) (^ 20 ^ 22 )* 


f(o) » - 1 . 







As a further check, the choice of (s) leaves 
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where born * o and a-^.agxSQ = o but neither = o nor a^^a^ » o* 

The ohoioe of signs is furtner s*crengx;nened by consideration of the dominant 
terns in as the antennas approach parallelism and normalcy, respectively. 

As parallelism is approached, -one im pedaxice is determined by 
On the other hand, as normalcy is approached, the impedance is determined 
by a^.Ej,, and hence fyn) must also contain the terms “to care 

for the contribution to tne impedance by a^.Ej. . however, the signs 
of the terms of which the f ao tor is applied must be 

f 

chosen iu accordance -.vita (2) above. 

Having derined 




9 



^ a^xa^ 

apX M 

lacxazl 



a£.ai = cos© , 



for coplauar aa"cemias, 

Sj-.a, = sin© . 

9 

Thus, if tne antennas are coplemar, imposing all tne above conditions 
upon etnd by analogy upon one finally obtains tor tnose terms 

involving integration over tne interval pairs 



C^21^2o)» 
(P10P12) ^^21^20 )> 
(Pi^Pio) ^^20^22)* 



f(n) = cos^B + sin^ = x 

f{n) =» oos^B + sin^B = i 

f(n) = cos% - sin^B =» c oseB 

f^^n) = cos^ - sin^B = COS2B 



Combining ^3) above with 3*12(10) and 3*12(4), in tne case or 
coplanar antennas, the expression for may be written ; 







4 




* 





» f 



21 



3oek22«(Sikf|i-SikC|:^~Sil-5|g+SikL|£»SikL|5+Sil:L^+Sik£?g-Sikf®2] 

+ 8inkt29[Gik£|i-CikL|,+CikL|s“Cik£|3-’CikL|a-^CikL®i-Cik!;®£+Ciki;®623co32e 

+ooskzg9(SikL|i-Sikf:|i-S^kL9g*SikLi2“SikL§i+Slk£?i+^^ i^^-SikLes ]sosa9 
— sixikzg^ f CildC^^“C ikljg^+G iklj22**0 ik^ ' 1.kjCg2"^^^^^^32 3 oo s 20 
coskz2i[Sila^i^~Si^2i“S^^22‘'‘S^^l2”^^^§i'^^^-- oi'*''* - ^fa^Sikfifg 3oos28 
-sinkz2e[Cik£|i"CikC|x+CikL82-CikL|2"CikE|i+CikI§^-CikL|2+Cik£§23 
-coskz26fSiktoi“Sik£|^-;3ikL§2+SikL|2-SikL|i+SikL?^+SikLi2*^3ikL323 

f - s- -o a 1®) 

-jj.5iiikz24[SikE|3-^SikLfi+SikL?f-- xkL|2-“!5ikLej-f-SikL?^-SikEf2+Sik£g23 
-ooskz24£cikL2.^~CikEf ^ CrcSlp-CakLl^^+CikL^i+CikClg-CikCgg^ 

♦ aiiikZ29[SikL|5“Sik£9 3^+SikEf2''3ikLo2”SikL|3-*’Sikf ®^-Sikrf2^Sik£|23oos20 

“•coskz 29 ' kfjgg'^^^klj^g^^^kLg^'^Gi.kLc;^ ^■♦■CikL»»y2”^^^*^62 3 S20 

■'-inkz2i[Sik£f,«Sikt|i+SikE|2-SikLf2-Sik£|,+Sikf|^-SikL|2»&ikL323cos2© 

♦ oo8kz2^[CikEf-,“Gi.kC|i-Cik£|2+CikLi2“Cil&3,^CikL|,+CikLt2''CikL|23cos09 
'ainkz2a[SikI,|.5^-3 ik£f , +Sik£|2-»3 iKl.|,- - 5 ; kf-f ^+S ikC -S ikf.fa'*''^ 3 
+ooskZe3[CikE|i-"Cik£|i-Cik£§2+Gikf|g-CikL|i+Gik£e^-i-CikE|2-:.'E|23 j 

To write £i 2» replace Zgi by z^j and replace L? . by E^ 

J i^’ 

ii '-hich is replaced by hg , and in which 1^^ and Ig are irterchanee-^ 

Th j, finally 

sirJcl^ sinklg (l-^cosd) ( 

w -K 



• 81 =“ *12 



Oie< 



■5", OOS0 » a^.ag. 



h, s *’o.a^, hg 2 - r^.^^ ^ 
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For non-coplanar antennas, let 



*2r - , pj . a,-5 i sin9oos(} , 



• * 



and Z 21 becomes: 



1 9 

2 Z 



zx 



(*^) 



4C08kt24[SikC^2i-SikC|y-Sikf:f2^SilcCie-Sil^f54SikEJ?,-»'Sik£;?2-Sil^ 

^sinktgQ (CikE0^— ““Pi ) 
+cosksg9(Sik£j^-SikC|i-SikC§2+Sik£|2-SikEgi-^SikL%^+Sik£^2-SikLe2](n®-p?) 
^sinkSg^ [CikL^^*CikLg^4CikL22'*CikL^3— CikL3^4CikL5^— Cikf gg-fCikCgg] (n®— p^) 
-003ks2i[SikL?a-SikLea-SikL|2-^SikC?2-SikCfi^SikL5a^*Sikfi2-SikL|2](n®.p?^ 

**sinkx 28 [CikE 0 ^*Cik£ 35 ^+CikE 02 “*CikC§ 2 *CikC 3 ^**’CikC§^**CikC 52 **'CikL (52] (^^^‘♦■pi ) 

-C08kt3e(Sik£:i-Sik£i^-SikL|2+SikC§8-SilcL|,+SikC§i+SikfBa-SikL323(§ +p?) 

-j|8ink824[Sik£|i-SilcL:i+SikLfg-SikE22+SilcC?i-SikL?2+SikLt2-SikL6^](n2+p®) 
-OOSk£24 [Cxi£2l‘“Cilc£4^”CikE42‘*’C^^22“C^^§l'*‘Ci^'M'*’Cikfl72'”SikL52](^®'*'P?) 

. +sinlC£28(SikL|i-SilcLti+Sik£|2-SikL|2-SilcL:^+SikL®i-SikL72+SikL52](n®-p®) 
-eoslcigg [CikCi5-CikE|i-CikL:2+CikE|2-Cik£^^+Cikf|2+Cil<£7i“CikCf2Kn -pf ) 
-sinkt2a[SikLfi-SikL|i+SikE|2-SikLi2-Sik£|i+Silc£|^-Sikf|2+SikL|2](n®-p?) 
+008kZai[CikE?i-Cikf|i-CikL|2+CikL?2-CikE|i+Cik£|^+CikLB2-CikLf2J(n®-p®) 
-sinkzgetSikEli-SikEli+SikLla-SikEls-SikEli+Sikfli-SikLla+SikLlaiCn^+P?) 
♦c08kz26[CikCf^-Cik£f^-CikL|2+CikL|2*CikL3i+CikLfi+CikL62“CikLg2J(“*‘^Pi ) j 

t * 

A similar expression may be written for 2^g finally Z^y may 
be written from (®). 
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If a closer inspection of the selection of those terms to 
which the factor cos20 is to be applied is thought necessary, return 
to 3.2(e) and write the last term: 






J30 



ksinkl ^sinkl g P 



^22 j ^lo 

/ 3ink(l2-82)l[/ sink(lv*-s,) 

: ^20 

P12 



+/p sink(l,-s, 



: dsg] j' 

21 ^ 



10 



(a) 



dll 






Now, integration of the terms within the brace will gi^e the negative 
of the field from antenna one, which must be integrated against the 
current in the upper half of sintenna two, that is, is the mutual 

impedance between antenna one and the upper half of antenna two. in 
other words, if the antennas were parallel with each normal to the line 
of centers, would be equivalent to the mutual impedance of two 

base fed vertical antennas above a perfect ground. However, in general, 
within the interval (Pi-jPio)» vector -s-^ would have to be replaced 

by the mirror image of vector Sn within (Pio^i2)» 




Returning to (1) and 3.13(1), upon examining the figure, it is 
seen that for the term involving cot 0 ^. 



and for those terms involving cotGg, 



^r 



< o 



> o 



9 
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thus verifying that the contribution from the radial field to Z,2 
the same sign as that from the axial field for the interval 
euad has the opposite sign for the interval (PuP^o)* 

A similar examination of 



*5 O ^12 r ^ 2o 



22 



+/p ^sinkllg-Ss) 
^ 20 



•jkr 



12 



12 



“di 



ijj' 



(2) 



ds. 



yields the same result for (PgiPgo) and (Pso^ze)* Hence, 3.33(4) is 
verified. 



3,16 Consider the special case \vhere ai'Sg = o, a, •a^xag =» o, 
ai* 2 lc i o Sind Ss^ag ^ o . 



Here, 



Hence, 



2 >£ 






^ ij re 3 



0 



n 



n =* o, COS20 » -1, ^ o. 



2^21 “ ^23 = ^ 26 i 



22 “ ^25 ~ ^ 28 * *24 “ *27 *29 



= Z, 



^21 



= h^ - ii. 



'26 



= ^ 1 . 



^24 = Hi + li . 



* sinklisinklo 

Zoi - ' ■ ' *■ ■ 

" 23 . 15 

|-oosks2i[CikLii+Cik£|2-CikLgi-(;ik£g2-CikL|i-CikL|2+CikLei+Cik£|2] 

♦sinks 2 iCSik£fi-SikEf 2 “SikL|i+Sik£| 2 “SikCfi+Sik£| 2 +Sik£fi-Sikff 2 ] 
-ooskt24 [CikL|i+CikC|2-Cikf li-Cikf |2-CikL|v-CikEf 2*CiHL |i+Cik£|23 ( la) 
+sinks24 [Sik£|,-SikCg2-SikEf i+Sikf fg-Sikf |i+SikL|2+Sikf li-Sikf I 2 ] j 



I 



[continued on next sheet] 




I 




n 
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^ j I sinJczg^ [C ikL'j^-j—CilcL'j 2"*GikLg»+CikrLg2**C ikL^'j^+Cl kLgp+Cik!L^'i“C ikEgg j 
+coskZg, [SikLi-j,+Sik£fg-Sik£|5^-SikC|g-Sikf|3~Sik£|g+Sikf;|^-*-Sik£|2] 

♦ sink^24[CikL|;l-CikL|2“GikLf-.+CikLf2-CikLel+Cik£§2+CikCf-^-CikL|2j 
+ooskz24[SikE|i+Sik£|g-Sik£f ;j^-SikLfg-Sik£|3^~Slkf |g+SikLf j-^SikLfg] I 



(lb) 



ZJ 

with a similar, expression for Finally, 

= ac 

^12 * ^12 ® i(2l2 ^2l) • 

In the above case, if S^*a^ » h^ = o. 



^21 



~ “It* 



-24 



= li* L 



41 



£?t* etc.. 



and hence 



Z21 * o • 

Also, if * o, and a^^-SgXa^ = 1 , 

^11 * ^ 61 * ^21 ** ^ 8 i» ^41 “ ^91* @tc* , and a^/E^ - o, 

* 

Hence, again 

^si - o . 

The abo. 0 cases check with the conditions imposed upon when 
determining f(n). 



3.16 Consider a biconioal smtenna whose radius at the feed point 
is b and whose radius at the ends is a, with 

b<a«l^ 




F^<^ orr 3 
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In this case, 

= o 

"* 2 i = Z 29 = (li nig) =» 2l 
-S 22 “ ^20 = = 1 

“^23 “ ^27 “ 

”^20 " ®24 = 1.J - nla = O 
i^2B “ O 

i *3 = N “ Ui + b® * 1 + 

5-2 = i-e = |l? ♦ t ^1^4" 

1*1 = fe = I 4 I® + a® = 2 I + ~ 

f *4 =■ fg = a, fe = t) 

^21 -^82» ^31 ^72,9 ^32 -^71# -L122 » ^ei» 

f 2 ^ f 2 *2 »2 

L.41 - 1^4^ ® J^e-j =* i-i 62 • 

For siTxall arguments^ 

Cix * C Inx and Six ^ x, 

with 

C « 0.6772 

Hence, the input impedance of the antenna under the hypothesis of 
a sinusoidal current distribution may be written: 



2 in 



sin^kl 



|eo [C+ln 2 kl-Ci 2 kl ] - soklSl^igkl 

+3osin2kl [Si4kl-2Si2kl j+socosskl [C4lnkl-2Ci2kl+Ci4kl J | 

+ j [6oSi2kl+3okl^^[C-*-ln|Y — Ci2kl ] 

, . 2 

+ 30sin2kl [Ci4kl-2Ci2kl+ln'‘^+C ]+3oco6 2 kl [2Si2kl-Si4kl 




3.17 For -• ■ : *t ^ira antcc,; > 

be assumed sinusoidaxiy o.tstributed, Isttin;^* 

30 ( C-^-lrikl*- 2C i 2kl -►C i kl ) GO s 2 kl 

+ j [ QoS i 2 kl *«* 30 i 2iS i ski-- S i 4kl ) c s 2kl 

-3o(ln— ^ « >ln2T5-Ci4kl-^2Ci2kl )sin2kl J 
a 

Fomula (^) is identical with that given ir.. r ' 

for the input impedance of thin wire antennas as d'- • 1:*. I'.v the 

KSthod except it is in t.^ras of the c.u'^ ;.i : at tiu. 

center of a symmetrically fed ente'or^ :.i...:ehd of in v.:rmS the o- ^ - 

maximum. It is usually derived by first considerin.g t.he -e of 

antennas and then taking; tne mutual imoedei^ce oet.ve-n th: 

element on the axi : a .na vdre. If one wlsnes t. ..a omi . 

loss, the terr r; > 

Hi T'.'rt ' * '“cot^^il) * I 

with Rgbeing the sarfaca resistivity of wir-<, >'►♦ . 

3» 16 The overa] 1 procedure for detarmining the auti^i '".pedrjrica 
between two straight, symmetrically leCg open wire a^tarn^^., . relative 
small cross secti-n kh'x ic oh^ neigO(>=r‘»ood o:' % .. n, ^ 

D 0 summarized. 

(1) Measure or commute the nine diagonal len^^tos. 

( 2 ) Measure tne angle between the two antenni uirec f 

choosing the positive senses each th. t tii' > r. 



exceed a ri^^.z 6l hie 



3 






(4 



a. 

center 



3 C. - ^ 



^ ' C ^ < C ^ 



th^ vrbhr->r., 

(^0 I.xy olt: zhf:^ v’a and 3 as i*= •' 5 . *5(1:3 - 

(s) For PHrall j^-st;agg 6 red antennas, the di^ij^onals ivay be drrv-^r 
to scale as in a., 8(13 ) and sov^nij?:, i; •.. , ,sl’/r . ..nJ 

negatii»'e directions fror?, the a-3C^?rnms r.i u ^rdin ite For 



determining the L’s, 

(7) For non-oaraiiai antemiao, thf> .r:../ o<*- nick^Ad -jr 

as r'od'.ii s- ,'^.uig as in (a) = .:-h 'r-i’ spending’ ^ 

numbered r/a* 



(b) 



Having deterrrjined the lengtns, oon/ert elec^^rxcal le:. 



j - p 

gui.'. and fro^s r* . ' - % -av- 

> , . 

and Zoj x'r-'jri. For r<^l i-i- - 




d e ox ''».». V. * e '«• .t. y Z "3, * 

( 0 ) Finally, v^'rite 2 .^^ from, aitner 'r ;• depend . ig 

upon whether the antennas have non-parallel dix^ections or 
have p«.rallai directions. 



3*19 A TCrd regarding the rigoi.-' of formula to oe 

> * e j> 

in order. The final integrations for ?>Lnd z, really constitute 
& form of extended curve fitting in vdiich is caused to reduce to 

all special cases where the integration:> can be carried out ri,""orouslv 
ana not to vanish in eertain cases 'vhe'*e ’.t is from thv> -so-;...!, v 

for the fioids t; •{ •• ide . * r, • i: t*> • • ■ ' r- - : 
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maintaining physioeil synmetry in and Ig. Although It oan not 
be definitely oonoluded, it is altogether lilcely that either 

■ *81 or *81 " *18 

I 

% 

will giwe suffieiently aoourate results. 

Apparently, it was problems of this nature whioh many years ago 
I caused E, B. Wilson to state that, in mathematioal physios, one should 
proseeute his mathematios rigorously rather than rigorously. 
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vr 

SPECIAL CASES 

♦»i It tme pointed out ia th&t- In the case of parallel-staggered 

antennas, could bo detersilnad from those terms i^ioh vero rigorously 
Integrated. In this case, n « 3. and 

*8i " Ysi « *3i “ yii = /i . i - 1. ... ® . C^) 

Thus, letting 

2s 3 “ ®ai * ^^21 

one obtains from s. 0 ( 1 * 2 ) : 

^ slnklislnkls 

Rai tF— " 

008ky>i[CikLii+CilcLi2-CikI.2i“Cild.s2-Cikl.ai-CilcLas+CilcL8i-^ikL8a] 

«-008ky4(CikLai*CilcLse~CikL4i-CikL4B-CikLai-CikLeB+CikL7i+Ci]cLT2] 

-eoskye[CikLsi+CikLaa“Ci]£L6i-CilcL0s“CijcL8a»Cild.e8+CikLei+CikL82] 

-sinkyatSikLii-SikLiB-SikLai+SikLas-SikLai+SikLaa+SikLai-SilcLaa] 

♦sinkyerSikLai-SikLaa-SikLai^SikLag-SilcLei+SikLea+SikLei-SikLes] 

. i: 

* 8 1 xi]cy ^ £ C i kli ^ C iL IcLi ^ C i> Q C ikiL jg C 1 ^iL ^ C ilcL 2 C ikL Q 2.^ ^ ^ 6 s ^ 

♦8l2aky4[CikLai-CikLa3-CikL4i^CikL48-CikL5,4^ilcL5a^CikL.ri*CikL7a 

-008kyi[SikL^^^SikLi2«SikLei-SikL22--SikL3^-SikLaa^SikLc^^SikL62] 

♦ 008 ky 4 [SikLai^SildLa 2 --SikL 4 a-SilcL 4 a-SilcLei-SikL 52 +SikLsyi^SilcL.ya] 

^00 sky 0 1 S i 1 cL 3 IkL^ a*S ikL 5 3 ^**S IkXi 5 2**^ 1**^ ^ ^^^6 2 1 
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with 



V\ 


» h-lg-li. 


ya^h-lg. 


y3“h"ii» 


y4»h-l2+l,., ye * h 
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» h+lg+l^. 


ye«h+l2. 


y7»h+l„ 


ye*h+l2-li 


(®) 


^i 




Lii » fi 


-yi . L 


i2 “ ^i+Fi . 





r being the distance between the axes of the antennas and h being the 
the lateral displacements of the centers. 



♦. g For parallel antennas not necessarily of the same length with h»o, 
-yi=yo» -yz^yv. -y4*ye» ye“°. ^ ^ 

J*i*r9* Ta’^e* **6 * J* » Lbi “ Leg. 

Hence 

„ sinkl^sinklo 

h — * ■ 

[ S3C ikpC ikL^ i-CikLy jg-CikLei-C ikLee+C ikLs i+CikLaa ] ooskyg 
“ (CikLi^ ^4OikLY2”*s^^^^*^^kliB^”*CikL0jg4Gikl!j0^4Cikli02l^^^kyB 

(ea) 

♦ (S i.kXi«^ xlcL^ g'^SilcLiQ ^*Si.lcXi0 ^■^SilcLg g J siLnlc^Q 

4 ikXi^ 2 *^ xkL*^ iklf0^4S ikL^g^^^kL^^ ikL023 sinky 0 
^ sinkl^sinklg 

■*■21 30 

[CikL7,-CikL72+CikLe,-CikL'02-CikL9,+CikLQ2]sinky9 
+ (CikLi72*^^kL7 ^^CikL0^+CikIi02+CikL0^“CikL02] sinky0 

(ab) 

- 1 aS ikr-SikL7 i-S ikL7 2"SikL0 ^-S ikL02+SikLQ ^+SikLg2 ] ® oslcy® 

4 aSik^^S xkL7 ^4SikXj7 a^^^klo ikX^B^^S ikli0^4S ikL02 3 coskyo 

with 

yg - I 2 ♦ li, ye * I 2 - li. ^ 



I 
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and with 





tr^(l2-l,)^ 




T'02 * 


lfr^(l2~li)® 


4*1 


L71 = 


tr^l? - I7 , 




L72 ~ 






^61 “ 


“ I2. 




Lea = 


tr®^l| 4I2 . 


• 


Lsi = 


fr^-^ds+lj 


“T2“T 1» 


Las “ 


tr® 4 (l,+l 2 )® 





(^) 



Formula (2) above is applicable to the solution for the input 

impedance of Yagi arrays(® 3 ). The mutual impedances may be readily 

determined by laying off the ordinates and diagonals to scale as in 

c,e(i 3 ), converting the lengths into electrical lengths, smd referring 

{ 02'^ 

to tables listing the sine-integral and cosine-integral functions' > , 
ioi example applying formula (2) to the analysis of such an antenna 
system will be given in ChapterVl. 

4* g An additional check upon formula 4,2(2), which formula has been 
previously reported without showing the derivation(®®), may b© obtained 
by letting li^lg* Thus, for parallel antennas of equal length and 
normal to their line of centers. 



^21 “ “r^^[aCikr-CilcL7i-CikL723 

Sin Ki ' 

T [gCikr-2Cikl<7T-2CikL7g-«-CikL9 3 ♦Ci'tLggjcoskya 
sm ici f 

2yj ilcL*^ ikXjg ^ “^2 ilcLo 2 ^ ^ inicy g 

sin^kl 

(’) 



^21 * ^in^kl l-^^^ 7 i'*’SikL 72 - 2 Sikr ) 

— [2SikL7-i + 2SikL72-2Sikr-SikL9,-SikL92Jcoskyg 
sin kl * 

♦ ikL7 ®CikL7 2~Ci <L9y*’CikLg2] 
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with 



=ls: “1. yg = 21 

+ 1® - 1 •, L72 = + 1. (2) 

Lai =ii‘®+4l® - 2 I , Lq 2 = |r^+4l® +21 . 

Formula ( I ) is identical iwith that found in the standard texts^^\ 
and as previously iiTxplied^ will yield formula 3, 17 (^) for radius a<<l* 



Another special application of 4.1(2) is that of determining 

4 4 

the mutual impedance of collinear antennas. As in the case of self 
impedances, let r = a. Then, for center to center spacing h, and 
for 



1 







!>>a, I2 




»a, h>>a. 



i 2 Yi 



K') 



Thus, for i 1 , 



and for i ■= i , 



T * T o. 

^*12 “ ^i» ^ii " > 



Ln = M+y? -yi* 

1^12 = fa^+y?-*- Vi. 

Thus, for i^i, 

CikLii = C + In-f^^, SikLi-, = 0, 
and one obtains from 3.g(l»2) : 



(2) 



( 3 ) 



( 4 ) 
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„ sinkl,3inklo 
Rzi — ® ” 

sinky4 [Si 2ky4“Si 2kya J 
-co8ky4(Ci|^-Ci|^ -Ci2k:y4+Ci2ky2] 

♦ sinky9(Si2kyg -Sislcye] 

-CO -Ci^ -Ciakyg +Ci2kyg] 

-scosklaSinky^lSisky^ -Sigkh] 

+ acoskl 20 osky 7 [Ci^^-Ci^^ -Ciskyy+Cizkh} 
-sinkyi[Si2ky2 - SizkyiJ 

♦ cosky t[Cil^a®+yi -y^) “Ci~ -Cizkyg +Cik(f 
-sinkysCSiskye -Si2kye] 

♦coskyeici^ -Cizkye +Ci2kyel 

♦ 2oo8kl2sinkj’3[Si2kh -SiakygJ 

-20oskl2008ky3[Ci|^ -Ci2kh +Ci2ky3] 

„ sinkl-jsinkio 

X , i — * ■ 

21 16 

8inky4(Ci^ -Ci~ ♦Cizky4 -Cieky2] 
♦cosky4(Si2kyg -Si2ky4] 

♦ sinkyo[Ci^ ♦Cizkyg -Ciakyg] 

♦coskyg[Si2kye -Siakyg] 

-2coskl2sinky7[Ci~- “Ci^- +Ci2ky7 -Cizkh] 

-aoo8kl2Cosky7(Si2kh -Si2ky7] 

-sinkyiCCikt^a^+y® -jy) “Ci|^ ♦Ci2ky2 -Cik(j 

z 

-oosky, [Siaky^ -Siakyg] 

-sinkyeiCi|^ +Ci2kyg -CiakyeJ 

-co8kya[Siskyg -Siakyg] 

♦ ecoskl2Sinky3[Ci^^ +Ciakh -Ciak(h-1^ 

2/3 Zfl 

♦ 2008klB00.sky3[Si2ky3 -SiakhJ 



V? -yi)3 






2 2 \ 1 
a +7i ♦yi)J 



)J 



For tvvo coll inear e ntermfcJ:> of equal length, each of radius a, 
and v/ith tne sjacin-.s between adjacent ends equal to either zero or a, 
formula reduces to 

R^, = — ^ — |(C +ln*cl -;cCi£K-l +Ci‘ik:l] 
sin kit 

-fesinekl [-Siskl-f 2 Si 4 kl"-Si^kl J f i;:co 3 2 k:l [ln| -uiiskl + cGi^kl-Ci^kl ] 

^ sin 4 kl [Si^kl-^ui^kl+SiBKl ]+cos 4 kl (in^ +Ci ^kl-sGiekl+Ciekl j | 

(e) 

— I [ 2 bisikl--ci‘ik:l J- 2 sinckl i In- -Ciakl+^Ci^kl-Ciek] ] 

sin^'kl C ^ 

+ 2 cosskl [Gickl'-^Si'^k] -fSi^kl ]-fS3n4kl [ln| +Ci4kl-y(;i6kl+Cieki ] 

4 * cos 4 kl [-Si 4 icl + : 3 Si 6 kl”SiBkl] | 

Fonaula (e) is useful in computing the input impedance of 
resonant 1 ,ig wire antennas* 

4, 6 To arrive at a formula for the input impedance of a harmonxcally 
operated antenna, first consider the full wave antenna, that is, an 
antenna fed at the center of one half-wave section. It will be 
assumed that the currents in the two half-wave sections are numerically 
equal ouc in phase opposition. 

(F^ i } ) 

-k . ■'h 2 

FI fur^ !o 

The integration for the fields is carried out over paths one 
and three, and the current integration is carried out over paths two 
and four. Thus, symbollically. 





<£t 









or 



^in "’ 1 T*"^si ♦ 



(^) 



For - Ij 

^in " . (2) 

On :;he o or »' :i, .f the antennas were individually fed in phase 
opposit.t >n wi^'* Z- ^ , ^roiTi the mesh equations one Vv^ould have 

^ixn ^ -^'Sin " ^21 • ' 

"Fence, cr- oonc!,' ies tnat the section of the antenna between the tv/o 

center poiiits sots as a trr.ns ni ssiozi line couplin.^ the input impedance 
•f ax*r on^- \ ■: * . series ./ith the input iTnoedonce of antenna two. 



Thus, 











Pi 9 b re // 



For operatic. )v> t* third harmonic, let 




and 



^in " 

toi operation tj ch.; fournh haraonic, let 

I, = -I,, = -I3 - I4 




■V 



(O 



FL iij re f Pi 
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and 



“ ^Z^^”6Z7 3-*-4Z23-2Zj4 , 



(e) 



Thus, by induction, if ZmC^) is the mutual impedance given by 
formula 4 , 3(e) for two half wave antennas spaced 



h = 



inA 



one may write the input impedance of an antenna operated at its n 
harmonic frequency , n>i, as 



th 



where for mi4 , 



Zin = nZ,i |]Z,„(^) . 



im -4) •* 



(e) 

(’) 



For plotting purposes, it is also useful to have tne recurrence 
formula . , „ 



2in([n^’J^) = Zin(^3) ^2Z,(-0’"z2m(i) . («) 



where is the mutual impedance of two collinear antennas each 

one half-wave in length and spaced 



h = 



mA 



and is given by 4,4(6), 

■’Vhile texts and hand books list the radiation resistance of 
harmonic antennas, they do not show the reactive component of the 
input impedance. The resistive component of the above formulas yield 
numerical results which check very closely with values found in 
handbooks and texts. 

For a pair of harmonically operated antennas of length 
each normal to the line of centers and spaced r , let z^(-,r) 





3 







be the mutual impedance between two half-wave antennas with 



u 3E I* = r 

A * 4 { 



as given by 4 . 1 ( 2 ), and one may write their mutual impedance 



^mutual 



in which is the mute^l impedance of two half'-weve collinear anten^'^s 
spaced a half-wave center to center. 

Talcing Zge^f as in (e) above, it is then possible to 

solve for the input impedance of a Yagi array coorated hanrionically, 
assu::itig it is fed at the center of a half-wave section. 

4.6 file resistive component of the self impedance of a long 
wire antenna is known as the radiation resistance of the antenna, 
provided t e reference current is taken as the spatial maximum current. 
These values, as mentioned in 4.6 are li;?ted in handbooks* They are 
customarily computed by che induced h.M.F. method, which assumes a 
dimensionless cross section. For checking those values against the 
values computed above, th followirr; formulas are useful; 



with 



Rj. = 24oZ Z 



n=o r=o (ai+3)(2,R+,)’ "" 



a„ = /^f(x)x’^dx 



(-) 



f(x) being the current distribution function. Formula (i) is for 
two half-wave antennas fed in phase. If the antennas ere fed in 
phase opposition, the radiation resistance fcrmula becomes: 



= 24 oZ Z — L ., ^ W r 

n=i r=o (2n+3)(2n+i) * ”'n-r/-i‘' 



(=^') 



2r+i 
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If the current distribution function satisfies the follovin-- 
conditions, 

fix) = ?(>-), »;(kl) = 0 

'J(’<x) - k/<r(lcx)dx, //f(x)dx = -f(x) 



then the a’s satisfy the follOA'in?; recurrence for'nulas: 

cto - - G<0)j 

a, - IOq + Jg(o) - ^g(o) 

G = - i*(r-3)c ] 

Of course, the reactive component becomes infinite for a ^vire of 
vanishing cross section, and v/hen it is desir.^d to find the inpvit 
impedance of a physical antenna, the radius of the wire musr. be taken 
into consi' oration by some method such as that of 4,6 . 



b2 



V 

EFB'EGT OF . FlrJTE Oy.ObTL 

The precedirir^ fomulas for the 'nutu&?i j^.nu self i.riperianoes 
will, in practice, require modification to care for the presence of 
ground. To this end, consider the mutual impedance between two 
horizontal anterjias :ach norrml. to their line of centers, spaced r 
cencer to center, and at a height h above ground. 



















i 




r \ 














/ 

Let 









B = 



^ ic r 
e 



p/i-hA^,) 

flfUrz /-f, 
and dii. “ . 



Then the field dE at any point f(x,y,z) due to the curre- t lemen- 
a^I^dz-, is 

- ~3iT- 



(^) 



or since 



t = aZ* +k^ 



dS = 









[a 



B + a, 

^dxoz 



— < 



+ S.(2_ + !c^'ir-j 

Z-, + Zov 






Assuming t e field is reflected at P^(0, — , , and a >pl /in ; 

the coefficients of reflection k, and k to the hori z mJ vertic,v 

h V 
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components, respectively, the reflected field at becomes 






- 30 






^x^S-dxdz'^^Fo ■^V'^hdyds^^Po 



where 



■^Po 



Y 



: (Z 2 -Z,)' 

^ 



iv>(.2h)^+ r^ +(Z2-Zi)' 



(^) 



upon arrival at the reflected field dhig is 

® jk "^5xdz Po [“aydz Po ^ dz*' ^ 0 ] 



where 



Bjpc 



exp|.- 3 k^( 2 h)^ +(z 2 -ZaF J 



|(zh)’^ +r^ +(zp-z,)' 



(p) 



(e) 



Also, upon arrival at P^, the direct field is 

dE, = +a.,-^B] +k®)B]p I 

’ „r i ^ dxdz 'P^2 y dydz ■'P12 ^ az^ ^'2’ 

where 



BL 



12 



exp[-jk^y^'>'(z 2 **^l)^ 



The resultant field dE at Pg is 

dE a dE-, + dEg 

2 

But the contribution to the mutual complex power d due to the fie IF 
from dl^ working against the current element dig is 

d^tjr = - |-dE*dl| = -a^'dEIadZs 

Assuming the current distribution functions to be 

I 2 = l2mSi»k(l2-iZ2l) 



(v) 



vs) 



(O 



( to) 
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and defining the mutual impedance Zgljeferrea to the center currents by 

(.la) 





^ ^sinkl ^3 inkl 



one obtains 

X 



lj2 * 1 



" “ i Tnu ff inkl ^ 3ink(l 1 I ) sink( 1^- 1 I ) 

<iii •*•»•-?? 



where 



’'a-i = +(Z 2 -Zi)® and rg,' = +r® +(z 2 -z^)' 



(ne) 



e, It becoraes evident that 

Ky = Z 21 +kh22i’’ 

where ^ is the mutual impedance between antenna two and the image 
of one '■with the current in the image being equal to the current in one, 
end vriiei . Z^j is the free space mutual impedance of antennas one and 
two. Similarly, 

A 

2e2 = Z22 

with Z^i^ being the mutual impedance of antenna one and its image 
carrying the same current, and with Zgs* being the mutual impedance 
of antenna two and its image carrying the same current. 

Writing the mesh equations for the system consisting of the 
two antennas with their Lmages, one obtains 
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^1(^21 '*‘"=^h^2i’) ^2(^22 '*'^h^22*) ^2 

Similar reasonong for vertical antennas will lead to analogous 
results with replaced by k^ . 

Of course, in the above system and in any other system of equations 
based upon the impedance formulas derived herein, any lumped tuning 
impedsmces would necessarily be included in the self impedance constants. 



I 



I 

I 




01 



1 
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\a 

l^JivlERlCAL SOLUTION OF A YAGI ARRAY 

Although it has been definitely established in the lj.t ‘r&ture 
that tne curreni: distr/Dution in any oracticfil ant^nr.a differs sc" ^^r^hat 
from th-3 assumed sinusoiaal distribution upon which the formulas in this 
^r are ba.'ed, the writer ■ elieves that the formulas presented herein 
y5 X i '^ineering solutions that are accurate within the degree of 
existixig ;ieasi rement tochriqu'^o, provided the radius of the antenna is 
not too large and provided the lengths are in the neighborhood of a 
multiple of a hal- -’wave length. Even in other cases, they should still 
yield the rder of magnitude of the impedances, v/hich in most instances 
is p/.'bably sufficien”. ^'or engineering purposes, 

Ir Guuoor’ •'f tnj .. toliof, sind in order to illustrate the application 
of the formulas to on antenna system in the presence of a finite ground, 
a numer olutJon of a three element, horizontally oriented, Yagi 

array will given, eoid the computed results will be compared vdth 
measured results. 

It will be recalled bhac G* V. Harrison, Jr* V ^ hac presented a 
theory ^'^r a two elemen-^ parasitic array based upon ' non-assumption 
& 2ri2Ci sinusoidal. C’ '^^■'nt distrib'^tion. However, this is a fr^Ji 
space solution or, in the presence of ground, it can be applied only 
to naif-length verticals above a perfect ground. Also, it is verv 
difficult for an engineer to find an expression in which *^e may 
substitute his nuiiibers and achieve an en rineering solutiou. 



6/ 



Since it is desirable to clearly indicate -where one substitutes 
the various parameters, form'ilas and 4,2(2) will again be 

listed but in a slightly different form. Of course, formula 3 , t7(i) 
is not an original formula, having be^n used for several years. Also, 
formula 4.2(2) was rei)orted derived by J. H. Tait( ), but the 
derivati Dn itself was not erivcn. It has been derived herein as a 
Special case of the ore formula for parallel-staggered 

antennas. 

Thus, 



R = [5e,9o8 +3o(ln? 1-Ci4kl ) '►30cot^kl(3, ’3i84>3lnkl-4Ci2kl4Ci4kl ) 



+ 60cotkl(Si4kl -i2Si2 kl)J 

X ■■ [ 30 oi"*kl 4 3ocot^''icl(4Si^'kl-bi'ikl ) •»‘Qocotkl(o. 67 7 2 

+ lni^^-Ci4kl-2Ci2kl ) ] 



(•>) 



+Cikr'^r^ 4 {L,-lg)M, + l 2 ) 

-Cik^J'r' + (l, + lj;)%l,+l. ) -Cik('lr2+(l^+l2)^-lT-l2) j 

+ 3v'Cvt-:lTr'.yr,.<:l2|Cik(|r' + (:i-, + l2)‘'>l, + l2)+Cik:(tr®+(l,4-ls)-l,-ls) 

+Ci:(>r.+'':^-i 2 )dli-l 2 ) +Cikdra+(li-l 2 )^ -Idl^) 

- 2 Ci cv'lr^+i; +1 t) - 2 Cikrlr%lf-l,) - 2 Cik(’lr®+l| tig) 

- 23 i‘'(, 7 r^+l T-l^) + 4 Cikr j ('’ci) 

+ 30cotkl;,.iGiK('>’r“+(l3 + l2)^+l,+lo) -Sik(’\l'r®*(li+l2)®-l-,-l2) 

<- 

+oi.<(’lr^-+(l-,-l^)^+li-l 2 ) -GiklT^r^+Cli-lgf -l^+lg) 

-i Sik( + +1 t) +2Siic(’'^r^+li -li)| 

+ 3acotKlT|;>ik(7r^+(l,Hl2)® +li+la) -Si^r^+Cli + lg)^ 

+Si^(\^r‘V(lTl 2 )"-lT + l 2 ) 

-feSicC'tr' + 1 :, -Ip) +..:ilc^ir'+i;-i j )| 
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-SikC^ra+n.,-!^)^ -^ 1 ,- 12 ) -S ik { \^r M 1 ^ ^ | 

+aocctkl-,ootkl 25 i'Sik(l/r‘^+l^ ■’■li) +=s3ik(^r®+l-)^ -I 5 ) 

+ 2Sik(^r«+l| +lg) +2Gik(’}r-»-l| -1^) -.Sik()r>e +(l,+lgi-l-i-la) 
-Sik(\^r2 +(l,+U^'' ->-I.+l;,) -Sik(Vr2+(l,-lf)®-l^+lg) ( 2 b) 

-Sik(\^r'ViJ , -^gj' + 1 ,- 12 ; ~^5ikr j 

+3cc--^’^ -,2, /V -lJJ,^2 +l,+l2) - C?k(tr‘^+(l,+l2)- 'li-lg) 

*c;.i^v'?r~+(l,-j +li-lc- ~Cik(T^r=2+(l,-l2)‘^-l,+l2) 

-2Cik('ir' ■ - . -' Gik^ ■ ^*1^^-!,) | 

+ "-)cotkl,V:ik(-\^r' i^+lg) x,+ls) -CikC'^r‘^+(l,+l2)®-l,-l2) 

-Gik(tr^+(l,-la)2+l,-l2) +Cik(Tfr^+(l,-l2)® -I 1 +I 2 ) 

-raiV'-'K-^+l"' +I 2 ) +sCik(^f-r^+l| -Ig)] 

:) o be for :h'^ self Impedances ano ( 2 ) to be used for 

the mutual impedances. It should b© borne in mind that a is the radius 
of an a na and 1 is its half length ^ Also, r is tho center to center 
spacing, »jid 

k = ™ 

If one does not care to use formula ^ 1 ) for the salf impk-dances, 
any of the other methoUr available in the literature could be substituted. 

17 

In particular, the writer ©refers the method cf lchelkunoff( ) to the 
others. However, for consistency will be used in the to lowing 
example. 



4 
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6 , 2 




The s;; Stem of equut' for the Ya^i showTi above is: 



(2,, +k^jZ,..')l, > (2,2 +iV'l2’)l2 (2,3 

(Zg, +Kj^Z 2,’)I, ^ (Zgg *k^Zzp.'Uz + (2s 3 ^!^h223’)^= ° (’) 

(Z3, +ky^Z3,')lT + (Z32 ■'■^h2ss* )^2 ■*■ (233 + k],Z33* O 

♦ 1#2 

The V/0II known formula for the coefficient of reflection^ ) for 

horizontally polarized waves is 



= 



COS0 - 



,0 



COS0 + 

’ ( 



(«) 
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For nearly normal incidence and for 

c' » sin®6 

the coefficient may be taken as 



Thus, for 



'^h = rfvfT-' 



-3 O 

O =1.3XlO , t* = lo; = -o. gg 



(a) 

(*) 



Converting the a:'ton/ia parameters into electrical lengths and 
referring to table ), -he following impedances may be computed! 

“ --.e3+j6.40 



^zz ~ 


77, 2 + jeo. e 


^22^^! 


2-33 “ 


5e.9-j29.e 


Z33*ki 


Z32 => 


e4.4+j*'^.e 






Zl3 = 


67. 1+J3*2 






f 


i3.7- ;<;-.4 


Zg3*k. 


The e*- 


IS ef system becomes! 






60.s|i7.70 


SI I 7.1° 




^ = 


ey 1 7.1° 


! 0 
08. 7 |42. 6 






64»4| e*9 


0 

42.9|-20.4 



Solving for the input impedance. 



^in * 



22 ^ 4 



- 



(«) 



(■') 



or the radiation resi steaice is 



Rj. 3 22^4 ohms. 
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The currents are 

0 0 0 
^ 15 ma. Ti | 136, 1 ma, I3 = 39 | e ma» 

The front to baolc ratio may be computed as 

db{ = ? 7 . 9 db 

bacK ^ 

The j^ain over a half-wave dipole in the same position is 

g - 6 , 4 i 2 db 

end over a half-wave dipole in free space: 

g = e.vedb 

The standing wave ratio for a feed system consisting of a 
quarter-wave transfoirner whose characteristic impedance is ?e ohms 
working into a 300 ohm transmission line is 

S^VR = 1,4 



( 3 ) 

(•<0) 

(•<1) 

(.2) 



(13) 



3 The front to back ratio as measured on received signals 
varies according to the angle of reception but is usually between 
iBdb an’ ■'db. 

The standinv wave ratio was measured for several different feed 
syst -ms and alsv .-omputed for each system with the folloA^ing results: 



fg-e-r/ sj-gtem 



SWR I 



^ 

7 5 " JT- 



5 00 -A. 



1 — 2 

' rs-H- 


5>'45^-TL -jfroA. 


j ^ 


^4. 


T rrrr — — ^ -r — — 



^ 4.0 Jt, 3c>0-^ 



«V 4 



fZJi. 

^ 



300 



300 Jl- 



1 . 2 - A 4 



2 . e- 5. / 

/• 3 - 

Z. 7 ~Z'S 



Canpui^ -d 






3^0 
3 ' I 

/• 3 ’ 

2*3 
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The exact readings for the raeasure^ents varied as the antenna 
was rotated but varied only approximately 0*2 , This variation was 
due to nearby objects, principally to power lines within the vicinity. 
The SVyR measurements were made wtih a carefully calibrated rnicroTaatch, 
The above results certainly justify the belief that, in such 
cases, it is legitimate to assume sinusoidal current distributions 
for the purpose of achieving an engineering solution of an antenna 
problem where the radius is small compared with the length of the 
antenna and where the antenna lengths are in the neighborhood of a 
multiple of a half-wave length. 




A. i 
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VII 

INI'UT IMPEDANCE OF BEVERAGE ANTENNA 

9 



7,1 The formulas for mutual impedanc»©g derived in the preceding 
chapters have all been Tor non- terminated antennas carrying only 
standing waves of current, r , >, desirable to consider the problem 

of finding the input impedance of a terminated long wire antenna 
carrying only a travelling wave of current* 




T 

h. 

If a perfect ground is assumed, the problem becomes that of 
computing input impedance of a parallel wire transmission line, 
spaced 




r =* sdh 

» 

assumed to be terminated :s h %hat standing waves ar non-existent. 
Since the spacing is not assumed negligible by comparison ’^th a wave- 
length, classical theojry does not suffice. However, the radius a 
will be assumed such that 











(’) 



0 




J1 
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7,2 Following the same reasoning as in paragraph 4 . 4 , the input 
impedance for the open parallel line , with infinite conductivity, 
becomes: 

^in “ (-) 

If iv is ies- red to apply formulas 2.3(e-3), it should be observed that 

t ^12 • 

However since 

[f(Pl)*f(: J :• - f(P 2 )’f(P 0 (a) 

in whic^i the primes indicate tne complex conjugate, it follows that 

2ie ® 2^2+^12 

and 

where 

• (®) 

Tl s > 1 elf imj. s are equivalent, 

^in * 1*^21 ) » 

which is p >ciel;^ . t;ained by using formulas 2 # 4 (i 2 -i 6 )* 

In other words, the asyir letrioal component of the impedances as 
given by io original formulas contribute nothing to the input 
impedance. This yields addicional confirmation of the revised formulas 
2.4(12-16), As a matter of fact, it was consideration of this type of 
problem which led to the formulation of the impedances in their final 



form. 
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7,3 Vfriting 






the expression for becomes: 



— Ilrv* 



o o 



12 



dXgdx^ , 



Integrating by parts. 






9*2 1^12 



^co8kU-Xi)i= ;: 1 , “ *oo skill 1 

k 1 dXs 1*12 X2*l ^ 0*2 r,8 3 

^ j Icr ^ g 

*/.ink(*,-ii)|j- dx, . 



Letting 



1*120 “ ^5*®+Xl , 1*121 - ir®+(l-Xi)f 



one has 



. . a _ a _ ^ 

dxa >^is ^x,-! dxj Xj,, ’ ax, Xj, ^Xg«o dx. 






Thus, 



^00Sk(x2-Xi)|pj dX2 

® 0*2 >^12 

1 -d»Cri2l 3 -lcjri20 

« - ^oosk(l-Xi)5 — ®-— ♦ cooskXif — ^ ' 

k ' ^'dxi ri2i k ^axi r,g<, 

♦ yjsink(x2-xi) dxg 



(0 



(s) 



(®) 



(♦) 

g-jkriao 

**120 



(») 



Again integrating by parts: 
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4 sink(x 2 -xi)|^ — 

.-Okr, 2 i 



(-) 



= sink(l-X 3 )~ 



feinicx^ 



,1 , ,e" 

-k/j^ooslc(xa-x^) ^ -- p ■--dxa. 



•ikr,a 



121 "120 

Substituting into {^) and (s) into (2): 

1 , lA ./ ,<a e'j'^’2^ lA , a e'3'‘''i2o^ 

3 ^^=' ■ ■ r„, '^1 * &/o“='“iar, 



, -1 , ,1 "^“-*^120 
" ■*■ / sinkxi^— dx,. 



jlcr, 



121 



^320 



Letting 






and integrating the first two terms by parts: 



(7) 



j 30 ^ 2 l 



20 



-o^r 



kf 



g-jkTo 1 , -Jkr,ai 

sooskl-^j^; + 2y^sink(l-Xj)s-- — ^ dx, 



jkr. 

121 



+ 2/^ 



-jkr 



o sinkx^ 



120 



dxi 



120 



’rVithin the first integrand of (e), let 

z == 

and one obtains: 



-r 3 -Z 

j 5 o ^21 



-ikr 

3 ^ f 



• 3 ^T^o 



A . 






- -rr- — - + 2ooskl2 — + 4/ sinkx, 2 — 

kr kr„ ' r 



120 



•dx 



120 



1 • 



(e) 



(s) 



The last integrand of (o) is in a form to which formula 3,7(2) 

is applicable. Thus, breaking (Q) into its real end imaginary parts 

and making slight trigonometric modifications! (^o) 

z = 30 + sAs ^ ro- U + 4 Cil 5 -r - 2 Cik(ro+l) -2Cik(r_-i;J 

'• kro kr© kr » ' o / ' o * 

+jao[— ~ -iSiki- +2Sik'(ro+l) +2Sik(r„-l)J 



kr 

9 
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The self impedance will be written in the same manner as in 
3 «is(i 3 ). Hence, for r • a , with a satisfying 

. 2 ^^ = 6o[ln52kl -0^4228 -CiEkl] 

•l-otllllfslsl » Sidcl - Jj) . 

It is quite interesting to find that Re(Z^^] agrees with the 

.2, «5 

radiation resistance for the single wire as derived in standard texts^ 
by integrating the Poynting vector over a sphere enclosing the wire. 

Formula (il) gives the free space impedance of the single wire 
carrying a travelling wave of current for a =* «». It is quite capacitive, 
since the dominant term is • The input impedance of the single 

wire of finite length carrying a travelling wave of current above a 
perfect ground is then given bjr 

2 * • 2^2 + (I 2 ) 

with 2^-5 given by (,n), with Z^2 given by (10), and with being 
the internal impedance of the wire. It should be remembered that in 
(10), y is twice the height of the wire. Also, it should be emphasized 
that ( 12 ) input impedance of the terminated wire but applies 

to a hypothetical case which can not be realized physically, that is, 
so far it has been assumed that a wire of finite length acts as if 
it were tenainated. This anomaly will be removed subsequently^ 

7,4 Having found the input impedance of a hypothetical open 
line assumed to act as if it were terminated, the resulting formula 
must be interpreted physically. 
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First, consider formula 7,2(1) with the values of Z^2 
substituted from 7.5(10) and 7.3(11), respectively, letting 

k - o , l>>r 

For small values of k, the internal impedance 



2 i “ 

must be replaced by 

2i = “V + 0-^^* 

^ na^a 

and thus approaches the D.C. resistance. 

Now, for 

ky<<i, f<<l, k = o, 



one has 

2(Zli -Z^s) “ -t)’ 

To interpret ^,2) physically, write 



(1) 

(2) 



(3) 



J 



i) = 



fl2 ( 1 _ 1) 

jcont^^o ^ r 



or 






- 2)1 

JcoUnCo^a 

The expression within the bracket may be recognized as the 



(^) 



clastance of a spherioal capacitor having an inner radius equivalent 
to the radius of the wire and an outer radius equivalent to the center 
to center spacing of the wires. 

Since the right member of (a) contains the factor four, cne such 
capacitor appears at each end of each wire* This end capacitance 
will be written 



0 ~ .. co~s'~gkh 

a 2h 



(6) 



’I 



wb 



fk 

>r 
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7.6 To arrive at an equivalent circuit for the terminated wire, 
one should review the implications of formulas 2. in connection 
with 7,2(1). The integration paths, considered as forming one continuous 
path, become - one to four to three to two to one. 




Thus, the end capacitors are required for completing the circuit 
from path to path and are therefore in series. It should be remembered 
that the circuit theory really calls for the field paths and the current 
paths to coincide. Hence, the mathematics must actually connect the 
paths through the capacitors. Since the applied field was assumed to 
be conservative, the generator may be inserted between terminals 
b and d, and a terminal impedance may be inserted between 

terminals c and e to complete the path and to cause the currents to 
remain standing waves, that is, to make the finite line act as an 
infinite line. The end capacitors will be in shunt with the generator 
and with the load, respectively. 

Hence, the equivalent circuit for the two wire terminated line isi 












T 
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Since 

for 



coC. = o 
e 



zh>>a, X>>a, 

the end capacitances will be neglected. Thus, the radiation impedance 
2j. written; 

2j. = 6 oi( 2 . 108 +lnl -Ciskl] 

- [coskl ^^ - -^sCiskh -CikUo+1) -Cik(ro-l)]j 

♦j®o|[^ "lkI ' ~^ +Si2kl] - [coskl "°g^^ -zSiakh 

+ SikCr^+l) + Sik(ro-l)]j 

with 

Tg = h® +4h^ 

For a long line where l>>r ,the radiation impedance reduces to 



Zj. => i2o[o,o'^72+lnkj* -Cikr +ji 2 oSikr , ( 2 ) 

» ^ * 

’.vhich vanishes as 

kr = 2 tt ^ « o, 

or the radiation from an ordinary open wire transmission line is 
negligible where line spacings are extremely small in comparison with 
a wave length. 

7 . e The input impedance of the single wire terminated horisontal 
antenna placed h meters above a perfect ground may now be expressed 
approximately as 

2in = 2r * i^o (®) 

with 2j- given by 7 , 6 ( 1 ), Z± given by 7 . 4 ( 3 ), and with Zq given by 
the custimary formula for the characteristic impedance of an open 











% 




81 



wire line spaced sh. 

Formula (i) obviously can not be exact, since the attenuation of 
the current was ignored in the derivation of formula 7*3(^o). The 
accuracy should be increased somewhat by writing 

® ^ jcjCl ^ ’ 

with 

L = ^ cosh"''-^ (3) 

C = liifl 

cosh"’ — (4) 

Also, the propagation constant a+jp may be written approximately as 



a+jp = ^^jo>Cl(Zj.+Z^)+jo)Ll] (e) 

Finally, from transmission line theory, the input impedance could be 
expressed as 



7,7 For a terminated long wire antenna above a poor ground, 

Zj. may be approximated by applying a coefficient of reflection 
to thost terms which are due to the image antenna. Strictly speaking, 
since as given in is a function of the angle of incidence, 

all integrations should be repeated. However, a fair approximation 
should be given by writing 






(^) 



where k^ is computed for normal incidenoe, that is, for 9=o, and 
kg is computed for the maximum angle of incidence, that is, for 



0 



tan“^ ^ 






82 



Thus, for a Beirerage antenna( ), the input impedance is given 
approximately by 7 ,e(s) with 



= 6o([lnek;l - Ciakl + - 0.42 £s] 

r t ^ 1 . 

+kji[coskl-S|P^ - +2Ci2kh -Cik(ro+l) -Cik(rQ-l)]| 

+Si2kl] + [oosklS^lJ^ -2Siskh +Sik(ro+l) 

+Sik(ro-l)]j 



A more accurate but much more complicated expression for would 
be 






e-Tan- 
tan”’-^*' «=o 



~ L 

oose-'\l't»Y’--j 

— , O(i 0 

oose+Ye'^i-j_2_T-. 



(®) 



Lotting 



b 



^coc ’ tr 



the mean coefficient k^ may be written 



(*) 






^ ^ 

tan-’lr bYl^+^h* 



(®) 



with 

Y’-b*® = ( 0 ) 

Formula (s) should yield a (aore accurate determination of the 
input impedance of the Beverage antenna when substituted into 7,7(2). 
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VIII 

MUTUAL IMPEDANCE OF TERldlNATED ANTENNAS 

©♦ 1 The integrations carried out in 7.3 vfill be used as a guide in 
in deriving an expression for the mutual impedance of two coplanar 
wires of length Ij end Ig with a lateral center to center displacement 
of h and a spacing of y . 




The currents will be assumed 



Ii(ha) 



-jk(xi+b-hi) 



12(0) 






0) 



with I^Ch^^) in phase with l2(o)» which h^ is defined by 

h,+li - S2+I2, 

all vectors having the same directions. 

It may be readily verified that 

h = IChi+ha) 

and that 

h, = h + Ids-l,) . 







I 




8 . 2 The expression fo r is 

Integrating by parts, 

1 lo , .a® 

r/Q8cosk(x2-Xi~b+hi)|-5 dxg 

^ OXo FlS 



(1) 

(2) 

(3) 



, ,d 1 / xd 

* f coskClg-x^-b+hT )*:— 3 . - 7Cosk(x^+b)- — ■ ] 

k 2 1 'X2=l2 k ^ r,2 Xg*o 



, 0 -jkr^2 

Vo‘®sink(x2-Xi-b+h,)~ dxg 

V OA 2 * 12 



Letting 



one has 



^izo “ ^+xi2, r^gi = ^r®+(lz-xi)® 



(*) 



r,o •'xo=lr ' - •*' 



- ^ 



erjlcr,2Q 



^2 *^12 ^2*l2 ri21 ' 3^2 1*18 Xg“0 dxj r,20 



Thus 



^/'‘^coskCxg-Xn-b+hT)-^-^ 2 — ! — 1-dx 
kro '‘2 1 Trz 



axS ri2 



-jkr 



- joosk(l2-x^-b^h,)|^2_l^ + ^co8k(x,+b-h0|^2_^ 
+ y^^6ink(xg-x^-b-»-h.i) | - ^ g- f^— dxg . 



-jkr^2o 



20 



Again integrating by parts 
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P- -jkri 2 

/J 2 sink(x 2 -xi+hi-b)^ ^ r — -dxg 



= sink(l 2 -x^-b+hj) 



+ sink(xi+b-h,)- 



riai 

1 -jkr^g 

- yQ®co8k(x2-Xi-b+hi)-2— — dxg . 

j z 

Substituting (a) into (a) and (®) into (2) 1 



120 



(®) 



.. A ■ 7 t 



- OO.t(»,.b-h,-U)g^ — d,, -— -d», 

■ y{^^*^’5lilk(»i->l)-h,-la) g d«^ ♦ yj’ '‘’5ink(x,*b-h,)! 

Letting 



- jkr^g, ■ 



.-jkr, 2 o 



- 0 lt:ri 2 o 

7 

^120 



ro = ’'^J*®+(l 2 -hi)® , ry » ’'^r=®+(l 2 -la-h,)‘ 

T 2 = ir%(r^+h^ , Tg » l^r®+hf 



and integrating the first two terms by parts 



(e) 

e ^ W - a 

-oosk(l^-l2-»-b) \^^ ■ fooskd^^b) ^ - ^- +cosk(b-l2)S^^;^ 



+2/^’ ^’sink(l2+h,-b5-Xj)2 dx^ ->-2/. ^ 3 t^(x]-h^-«-b) '^ — ° dx 

1 ric>^ r-io^ 






^^121 

Within the first integrand of(e), let 

Z “ l2-Xi 

and one obtains J 



^120 



(9) 

“jkrg ~jkr, 

-ooskbS^^p- oosk(l3-l2+b)2j~ ^cosk(l,-t-b)g^^->-oo8k(b-la) ^ - — - 



+ 2/®"^’ 3 ink(xi+h,-b) 2 l:i^® 0 dx,+ 2 / 

Ig-hTl, ' 1 ' ri2„ ^ sinkUi+b-h,>^- °dx. 



,-jkr. 
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The two integrands are now in a form to whioh formula 3,7(s) is 
applicable. From 3 , 8 (is), 

ls~h,-l^ “ "ys4> “ “Yss 

hi = Yaa. li+h^ =« 

Thus, for the first integrand, 

**01 “ ^ 4 . = fg 

and in the second integrand. 



(lo) 



6 » 



Also, 



^O “ ^ 2 * 



>' 2 =’ , 






Ta = r* 



^3 =^6 



Using the notation of 3,8(12) and dropping the superscripts! 
2 [ylj®®sink(hi-b+xi) 2 r^^*°dxi +/^®'^sink(b-hi+Xi)~ — ^dx^] 



120 



T 24 "'“ 

s|-sink(b-h^) [CikL 2 ;i-CikL 4 ^+CikL 42 -CikL 22 -CikL 7 2 +CikLg;g-Cik:L 5 ; 5 +Cik:L 7 ^ j 
•♦•CO sk{ ikL 2^“*S ikL^^ ikL7 ikLg^^S ikL»7 1 ^ ^ 



4 j ^ CO sk( b*li ^ ^ ""Cikli^ 2 ^^ ^^^^^22^^ iklj7 ikL^ ^ 4 C i.kL/7 ^ J 

• siiik( (^S ikLg^^S ikLi^ ^ 4SikL^ ^^^ 22 **^ ikL»7 24SikL^2**^^^^^6 1 ^^ ikL7 1 3 1 

Writing as a function of h^, that is 

Y 2 i = y 2 i(^i) 

and defining by 

yi * y 2 i(^) 

the mutual impedance may be written as 



(14) 



1 




i 
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“ so 



I (cosky 




CO sic(b*“li |[c i1cL2^*“Ci1cL^ g’^CikXigg+Ci.lcIj*^ 2*“CxlcXigg**C i.lcLig^'^Gi.kX>«7 ^ J 



-sinlf(b-hi)[CikL 2 i-CikL 4 ^+CikL 42 -CikL 22 +CikL 72 -CikL 62 ^CikL 6 :i-CikL 7 i] 

+CO sk(b"*K^) i.kXj2^"*SikIj4 ^"*S xkl<4 g^SikLgg'^Sxldjiy 2*“SikXigg"*SikXig^'^SxkL#^ jj 

As in '7.6, sine© the currents are given a terminal path in which 
to flow and are not forced to flow from the ends of the wires as displacement 
currents, the terms in which yield the reactance of the end 

capacitors will be dropped. However, it is usually much safer not to 
drop the terms until the physical setup is analyzed. Thus, also 
dropping the super comma on the r*s : 



"•oosk( b"*hy) ^CxkL^^^G ikLi 4 ^"“GxkL 42 +CikL 22 +CxkIj» 72 “"CxkL»g 2 "*CikLig^*^CxkL»ty ^ j 



■” sxnk( b"*h ^ ) C C xkLg^^C xkL>4 xkL»4 2*"^ xlcL*^ ikLgg+G ikLg ^**G ikL*^ ^ J 

+cosk(b-h^) [SikL2i-SikL4^-SikL42+SikL22'*^SikL72-SikLg2-SikL5^+SikL7^ 

with the parameters being obtainable from 3.8(i3), 

Formula (16) is not applicable to collineeir wires, as the reactive 
tenns must be handled differently* Such wires will be considered in 
the following paragraph. 
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e.a The previous previous results may be used for determining the 
radiation impedance of two parallel open wire transmission lines each 
being terminated in its characteristic impedance. 




1 

V 

pi^pre Zt 



The self impedance of each line may be written 
^11 “ , Z22 

with and given by 7.6(2). 

The mutual impedances Z14, Zga, and Z24 may be written by 

8.2(ie), in which one lets 

kb - (> . (a) 



The mesh equations are 

Zllll (Zi3+Z24"Zj4-Z2a)l2 ” 

•ffl 

(Zj3+Z24“Zi4-Z23)Ii + “ ^ 2 ®^ 

from iwhioh the input currents may be determined. 

The radiation impedance of each line is given by 

Zr = Zin-Zo • 



8,4 The mutual impedanoe of two oollinear wires of radius a 
carrying unattenuated travelling waves may be obtained from 8.2(16) 
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by setting r =• a and making the customary approximations. 

An interesting check upon the formula is provided in the derivation 
of the intrinsic impedance of a bi-'directional wave antenna, that is, 
a center fed terminated wire. 



Here, 



and 



^ — 

> 


“1 i 


^ 1 


1 


ur« 2£ 




r “ a, 1,= Iz 


- 1, hi - 


1. b = 1, 


7z = 0 . Y4 = 


1. 76 “ 1. 


77 “ 21. 




, a® 




^2 -a. r.Te 


“1+-^ , 
21 


^7 * 2l+~ 






„2 


L21 ~ a, 


* iT" ^61. 


L71 “ -fir . 


1>22 ” a, L42 


* 2I ==L52, 


L42 * • 



(!) 



(^) 



Hence 

Z21 ~ 3 o|[i + ** [C+lnka- aC-gln^^ + C 

-Ciskl+C+lnka+Ci4kl-Ci2kl] j 

+ hSi2kl+Sik4l-Si2kl]j 
or 

2 ^, - 30 ji- c-lnl:l*a 0 i 2 l£l- 0 i«kl j 

-J=»j n - - 2 Si 2 kl.Si.iclj 



The intrinsic impedance is given by 



(4) 



with given by 7 . 3 ( 11 ) . 
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Therefore 



Z = eo[ln 4 kl - o.^aee + - Ciskl] 

(e) 

^ Si 4 kl - 



Comparison of (e) with 7,3(11) shows that (®) is identical with 
the application of 7. 3(^1) to a wire of length 2I and thus verifies (3), 



91 



IX 

r^UTUAL IMPEDANCE OF OPEN AND TERMINATED WIRES 



9 , 1 Another useful extension of the mutual impedance concept 
is that of the coupling between a symmetrically fed open wire antenna 
with an assumed sinusoidally distributed current and a terminated wire 
with an assumed unattenuated travelling wave of current . 




The directions are assumed to be the same for both wires, that is. 



The currents are: 



= Ij^sink(l2-X2) 0<xg<l2 

= ImsinkUs+Xg) -12<X2<° 

9 , 2 The mutual impedance becomes 









(0 



[/^^^sinkCls+Xg) + /^^sink(l2-X2)]A2(^-7-^^dx^)*dx 



From a.4(e)-(i2), this may be written • 
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-Jkrgg q"> 5 ’^^ 80 - , , 

+2 -scosklg ]dx^ (2) 

^20 



22 ^21 



in which 



= lJY^(x,+l2)2, rai = +r2+(x,-l8)‘^, 



22 



In the first two terms, let 

X = x^i+lg 

and X = x-j-lg 

respectively. Then 



281 = +yJ^!jj'^%OSk(b-h, + la+x) 



jhn’^l«i f ^ - 0 ^^^20 

- 2 cosklaA^ cosk(b-h^+x^ ) dx 



^20 



(3) 



which ijiay be integrated by 3.7(4). For convenience in wnriting the 
results, refer to 3.8(13) and write 

281 = +/y®^cosic(b-y22+x) 

,^27 / 

-scosklgyi® cosk(b-y2B+x)}~ dx 

J26 

Hence 

^21 ^ “ ^®osk(y 20 —b) [CikL 92 -CikL 02 +CikLe-^— CikL^^ j 

+ sink(y 28 -b)[SikLQ 2 -SukL 82 -SikLeT^+SikL 9 T] 
+cosk(y22-b) [CikL42-CikL22+Cill.2^-CikL45] 
+sink(yg2-b) [SikL 42 -SikLg 2 -SikL 2 i+SikL 4 ^ ] (ea) 

• 2qo ski gCO sk ( y g0**b ) t G ikL*^ 2*^ ikLg 2*^0 ikL 0 ^ “*C ikL*^ ^ J 

-8ooskl2sink(y26-b)(SikL72-SikL62-SikL6^+SikL7i] j 



[continued on next sheet] 




I 
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+ j |sink(y2a-b) [CikLag-CikLeg-CikLei+CikLei] 

— cosk(y 2 s“*b ) 

+sink(y22*^) [CikL42-CikL2g-CikL2^+CikL4i] 

(Bb) 

-oosk(y22-b)[SikL42-SikLg2+SikL25-SikL4i] 
-zoosklgsinkCyg^-b) [CikL7g-CikLc2-CikL6y+CikL7^] 
-2oosklgCOsk(y26-b) [SikL72-SikL52+SikLgi-SikL7x] 
which may bo expressed as: 

2gi “ |sink(yjge~b) [CikL72-CikL52“’CikL5^+CikL7^ 

“"C ikL»g2'^CikLQ2^^^^^8 1 1 ^ 

+sink(y2£- b) [CikL72-CikLe2-CikL6i+CikL7i 

*“CikL42'^C 1 ^ 

4 CO sk^y iklj 7 2 **S ikLg 2 *^^ iklj 7 ^ 

•fSikL 92 "“bikL 02 '*‘SikLg^— SikLg^ ] 

•f COSk(y 22 *"b ) 

+CikL 42 -CikL 2 s-CikLgi+CikL 4 i ] j 

(e) 

♦j^rJ~joosk(y28-'5)fCikLe2-CikL83+CikLei-CikL9i 

•CikX»72’^CxkLg2“CikL»^^+CikI.i7^ J 
4cosk(y22-b) [CikL42-CikL22+CikL2i-CikL4^ 

"*CikLi7 2"^CikL»g2*"^ikLig^4CikL7 ^ J 

"►sink(y2e-b)ISikL92-SikL82-SikLei+SikL9^ 

■“S xklj7 2^SikI/02^^ ikLi7 ^ J 

+ sixik^y 22**b ) ikXi4 2"*SikIj22“*^ ikL#4 ^ 

•SikIj72^SikIj02'^SikL#g^*SikI.i7*^ J | 

the parameters being determinable from s.eCis). 
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9.3 Formula a. 2 (e) could be advantageously applied in computing 

« 

the input impedance of driven arrays in which sections of the transmission 
line run parallel with the driven elements, such as in the following 
diagrami 




As a first approximation, applying classical transmission line 
theory for an unattenuated line, if the voltage at the junction of the 
lines is,Vg, the input currents of the antennas will be 



1, = -Is 
^ jZol ’ 



I=>. = 



-Vc 



(’) 



• J2o2 

Also, although some coupling certainly exists between the 
antennas and the lines normal to them, to a first approximation such 
coupling will be assumed negligible. 

Now, assuming an approximate match at the terminus of line three 
formed by wires four and five, the input current to line three is 
approximately 



^3 z 



03 



Thus, for the mutual impedance of antenna one and line three: 



(2) 

(s) 
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in wrtiich, for 




l> “ • o. 1b “ li = ^ 


(*) 


and for Z14, 




b ^4 “ 0. 1* = ^ » 


(») 


in which d is the spacing of line three. 




Similarly, for the mutual impedance of antenna two 


and line three. 




(6) 


where for Z^g, 




b = -"(H)* 1b “ i I2 = t 


(7) 


and for Zg4, 




V4 g/l. «lg g, ig 2» ■'•2 4 • 


(e) 


or 




2 ,g = “Zgg • 


(9) 


The mesh equations arej 




Zll^l Zjglg + Zygig * Vj 




Zgl^l + Zggig + Zggig * Vg 


( 10 ) 


^alll Zggig + Zggig “ Vg 





in which 



^33 ~ 

and in T^diioh the various mutuals may be computed by the appropriate 
formulas herein. 



To eliminate and Vjg, , recall that Zq^ was selected such that 
the input impedance of antenna two was matched to line three, that is. 



z 



'OZ 

03 



( 11 ) 
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and similarly, 
that is. 



assiime Zq^ selected to match line three to antenna one. 



• (12) 

*03 



The input impedance to the junction is, theni 

2in “ i 2 q3 • 

Substituting (2), (10), and (11) into (9) : 






^03 



3 = 0 



Ziali ^ (Zsi,- Z^l2> Z23I3 = o 



2 13^1 ^ 2j23l; 



= O 



( 13 ) 



( 16 ) 



or, 

3(22^^-222) '**213(25 » o (^®) 

Since Z53=-223, 

^^2in*"^22 **^ 12 ) *** (2iin*25 5^ ~ o • (^*^) 

Now, * 2 22 # hence 



(^iin***22in) * ^(^ii (^®) 

To interpret (?s), recall that if the mesh equations were set 
up for the two antennas alone ignoring the coupling of line three, 
the input impedance to each antenna would be Hence, to 

a first approximation, even though the operating frequence is such 
that line 1;hree radiates some energy, due to the physical symmetry 
of the system, the coupling between the antennas and the line is 
balanced out at the junction of the lines- 

The above problem serves to illustrate how the preceding formulas 
might be applied. It is true that the analysis of the problem is 
not too rigorous, since various approximations were made ^ich, in effect. 
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assumed the current distributions were unaltered by the presence of 
the line. However, the analysis does indicate how one could include 
the coupling of the parallel portion of the open line T^en computing 
the input impedance of an antenna system. Also, the result does not 
imply that the coupling between the line and the antennas will always 
be negligible to a first approximation, since it was the physical 
symmetry of the system which balanced out the coupling. in this case. 
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X 

CONCLUSION 

10.1 In conclusion, it should be mentioned that although the 
integral equation formulation of some of the problems solved in this 
treatise may possibly be more rigorous mathematically, the solution of 
the integral equations are usually carried out by a series of approximations. 
In some instsuaoes, the degree of approximation may yield a more accurate 
solution than can be achieved by an & BEiMi assumption of a current 
distribution based upon experimental evidence. In other instances, 
experimental results have checked more closely vrith results obtained 
by methods similar to those employed in this treatise. Also, the 
majority of the problems solved herein have not previously been 
considered in the same degree of generality by the integral equation 
method. 

From an engineering point of view, both the theory and the 
resulting formulas presented herein are certainly worthwhile. 

Concerning the theory, an engineer usually prefers to consider more 
advanced problems as generalizations of fundamental problems with 
which he is already familiar. Hence, most engineers probably prefer 
to think of the coupling between antennas and transmission lines in 
terms of a generalized circuit theory. Certainly, an engineer prefers 
to have a formula in which he may substitute his parameters and 
achieve a direct solution even though he knows the solution is only 
a good approximation. This, in many instances, is all that is necessary. 



« 



1 
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Possibly it should be mentioned that the notion of a generalized 
circuit is by no means original. Hov/ever, the generality to which the 
notion is carried is original and the formulas derived by this method, 
except when reduced to certain special cases, are original. 

Is is believed that future applications will justify the presentation 
of this treatise. One such application may be that of finding the 
input impedance of an unidirectional rhombic antenna. If suitable 
approximations are made in finding a formula for the mutual impedance 
of the two wires of a terminated Vee antenna, then one may immediately 
find the input impedance of the terminated rhombic antenna with the 
aid of the formulas derived herein. Possibly a large number of other 
applications will suggest themselves in the future. 






! 
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